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APPLICATION OF NEW ALTERNATIVE MODELS OF FINITE
ELEMENT METHOD IN PROBLEMS OF ROD TORSION

The work is dedicated to the problem solution of prismatic bars torsion with a
rectangular section by the finite element method with the use of standard and alternative
serendipian models. By the solving of the inverse problem considering the precise value for
maximum shear stress, the new improved models on the biquadratic and bicubic serendipian
elements were received. By using new alternative models as well as standard models, the
shear stresses in two dangerous points of section and the torque for different ratio of the
rectangle’s sides were defined. The obtained results allow to solve various application
problems of physical fields restoring occuedr in technical systems and objects by developing
new mathematical models.

Keywords: prismatic rod, stress function, torque, shear stresses, finite element, basic
Sfunction.
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leano-DPpankiecokuii HayiOHaNbHUL MEXHIYHUL YHIGepcumem Hagmu i 2azy
Tonoexo I'.B., k.m.u., 0oyenm

Tlonmascvkuii HayionanbHuti mexuivnuil yHigepcumem im. FO. Konopamioka

3ACTOCYBAHHSI HOBUX AJIbTEPHATHUBHUX
MOJAEJIEM METOAY CKIHHEHHUX EJIEMEHTIB
Y 3AJJAYAX ITPO KPYYEHHA CTEPXKXHIB

Pobomy npucesueno posse’sazysannio 3a0a4i npo Kpy4eHHs NPUSMAMUYHUX CIMEPHCHIB 3
NPAMOKYMHUM NONEPEYHUM NepepizoM MemoOOM CKIHYEHHUX eNeMeHmi8 3 8UKOPUCAHHAM
CMAaHOapmHux ma arbmepHamusHux cepenounogux mooenet. Lllnaxom posse’szanns
obepreHoi 3a0ayi 3 Ypaxy8aHHAM MOYHO20 3HAYEHHS OAid MAKCUMATbHO20 OOMUYHO20
HanpysicenHss 0y10 OMmMpUMAHO HOBI B0OCKOHANEeHI MoOeni Ha O0IKeadpamuyHomy ma
OIKYOIUHOMY CepeHOUNo8UX eleMeHmax. 3 GUKOPUCIAHHAM HOBUX AJIbMEPHAMUBHUX MOOeIlell,
a makodc i Cmamoapmuux mooenel, OYI0 BUSHAYEHO OOMUYHI HANPYHCEHHA Y 060X
Hebe3NeyHux moyKkax nepepizy ma KPYMHUU MOMeHmM O1si pPI3HUX BIOHOWEHb CMOPIH
npamoxymuuxa. Ompumani pe3yiomamu 0aiomb MONCIUBICMb SUPTULYBAMU DI3HI NPUKIAOHI
npobemu, no8'sa3ani 3 6iOHOBIEHHAM DI3UYHUX NOI8, WO BUHUKAIOMb 8 MEXHIYHUX CUCEMAX
ma 00'exmax, waaxom po3pooKu HOBUX MAMEMAMUYHUX MOOEJel.

Knrouosi cnosa: npuzmamuunuil cmepaiceHv, QYHKYIs HANPYICeHb, KPYMHUL MOMEHM,
OOMUYHI HANPYIHCEHHSA, CKIHUEHULl eleMeHm, OA3UCHA QYHKYIL.

36ipuuk HayKoBHX mpailb. Cepis: [any3eBe MammHoOyAyBaHHs, OyaiBHULTBO. — 1 (48)" 2017. 41




Problem definition. Currently, approximate methods increasingly used in applied
problems since the precise solution of differential equations with partial derivatives are quite
bulky and it is very difficult or even impossible to find it. Therefore, for example, under bars
torsion the approximate method of Ritz [1] is used (which gives the erroneously low result) or
Treftz method [2] (which gives the exaggerated result) or two methods together to reduce the
error of the approximate solution. But among many engineering problems one of the most
popular computational methods is the finite element method (FEM) [3] that is successfully
used in solving various problems. However, the problem of FEM schemes improvement in
order to decrease the expenses on their implementation is not only relevant in Ukraine but
also in the whole world.

Analysis of recent research and publications. The first works using FEM for
structural mechanics problems are published in [4]. With the advent of computer engineering
it became possible to expedite bulky calculations and to obtain more accurate results.
However, work on improving of the universal computing applications continues. So in recent
research [5], [6] due to geometric modelling, new improved FEM models used in this article
were obtained.

Description of general problem unsolved aspects. The problem of torsion rectangular
cross section bars using new improved models was considered in [6]. The torque and
maximum shear stress were determined. Then these results were compared to the exact results
obtained in [7] and the results for the standard models. But the value of the shear stress in
another dangerous point was not determined; also research for rectangular aspect ratio of
more than 2.5 was not conducted at all.

The purpose of the study. To implement the FEM to solve the torsion problem of
prismatic rectangular cross section bars using standard and alternative models and to analyze
the accuracy of the results.

Main research. This work is dedicated to solve torsion problems of prismatic bars with
rectangular cross section 2ax2b and b >a (fig. 1).
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Figure 1 — The bar’s cross section

The mathematical model of this problem is the Poisson equation
e 0
e ) (1)
ox” dy

where ¢ — the stress function (the Prandtl function) must satisfy the differential

equation (1) and be equal to zero along the edge of the cross section;
G — the modulus of elasticity of the second kind (shear modulus),
® — the relative angle of twist per unit of length.

42 Academic Journal. Series: Industrial Machine Building, Civil Engineering. — 1 (48)" 2017.




The way of solving the equation (1) using the membrane analogy [7] is shown in the
theory of elasticity.
The torque, knowing the stress function, is determined by the formula
ab

M, = 2.[ J.¢(x,y)dxdy, (2)
-a-b
where a, b — half sides of the rectangular section (fig. 1).
The exact calculation of M, is quite bulky and is reproduced in [7]. For practical

purposes the simplified formula for M, is used [7]
M, =kGO(2b)2a), (3)

where k; — numerical coefficient that depends on the ratio of b/a .

It is also argued that the maximum shear stresses 7, in the torsion of rectangular cross

X
section bar occur at the surface in the middle of longer sides of rectangular section (in points
A) and are equal [7]

T =—M’
" b 2a) “)

where k, — numerical coefficient that depends on b/a .

The shear stresses occured at the surface in the middle of smaller sides of rectangle (in
points C) are smaller. They are calculated by the formula

T= kz}mx’ (5)

where k =k, [k, .

Some values of k,, k,, k coefficients are listed in the tabl0Oe in [7].

The same problem was being solved in [6]. A variety of the standard models were used.
For the further study, two models from [6], which produced the most accurate results, are
used.

Model 1. We are using biquadratic elements of the serendipian family (8 nods) (fig. 2, a)
[8, 9], covering the bar’s cross section with the four 8-nods elements
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. alb 5 10 9 qal 8 %
o o o o o o o
11 6
o) Q
-a a -a 7,
L—
? 0 4 X 12 9 5 X
0 o]
7z o, E—p—e—o,
a) D)

Figure 2 — Biquadratic (a) and bicubic (b) serendipian elements

The basic functions are [4]
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N(ey) =5 (1= 2=y 1-x- ),
(6)
N?&Jﬂ=%ﬁ—fxﬂ-

Model 2. Bicubic serendipian elements (12 nods) (fig. 2, b) [8, 9], covering the bar’s
cross section with the four such elements are used. The basic functions are [4]

NiEm) == gi-n- 1049 )]
(7)
N3Em) ==& i-n)i-3¢).

In addition to standard models (6), (7), due to geometric modelling, new alternative
models on these elements are obtained [5], and the unlimited quantity of models with
different features through “scaling” them is received. By the solution of the inverse problem
with account of the precise meaning for 7, for the square cross section, the new models of

the biquadratic element were received [6]

N, y) = —— (1= x)1 = )= 569 — 569x — 569y — 69xy),

2000
| (8)
NY(x, 1-x2)1—- y)1069 + 69
e y) = 2000( 1= y) y).
and on the bicubic element
- 1
- 1-E)1-n)13789 —12789(&2 + 72 )+ 3789202,
NG = 1= E)i-n)| (&2 +7°)+37808%°]
)
NU(En) = 64000( = E)1-n)(7263 — 21789& + 8425 — 842 — 4215 + 2947En°).

These optimized models were tested for solving problems of torsion of prismatic
rectangular cross section bars with ratio sides of 1<b/a <2,5 only. In this article the study is

continued. The relative error of calculations for 7,,, and M, in comparison with accurate

ax

[7] for rectangles with the ratio of sides b/ a > 2,5 is determined. These results are shown in

the table 1. The comparative analysis with the corresponding results for the standard models
(6) and (7) are shown in this table as well.

Table 1 — Relative errors for 7., and M, for rectangular cross section bar, [ %]

b/a 3,0 5,0 7,0 10,0
MOdel Z.max Ml Z.max M[ Tmax M[ Z.max M[
6) 13,2 4,1 13,8 4,0 14.0 4,0 14,1 3,9
(7) 18,1 2,8 18,9 2,5 19,2 24 19,3 24
8) 8,6 2,8 9.1 2.5 9,3 2,3 9.4 2,3
) 1,3 0,8 1,6 0,7 1,7 0,67 1,7 0,67
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It has to be noted, that these results were obtained dividing the bar’s cross section
by only four elements. As shown in [6], covering the bar’s square cross section with
16 elements significantly improves the results of calculation for standard models (6) and (7).
The same situation occurs on rectangles with different sides ratio. The best result was
obtained for the model (7).

However the determination of the shear stress 7 in another dangerous point, which is
located in the middle of the smaller side of rectangle (point C) using new improved models
was not conducted in [6]. Note, that the determination of the value for 7 in point C is
necessary not only to get more results by different methods and compare them with accurate
(although this is important), but also because it opens up the possibility to solve complex
problems in which the bar of rectangular cross section works not only in torsion, but, for
example, bending with torsion too. In this case it is difficult resistance. As it is known from
the materials mechanics, the greatest normal stresses [10] occur in the points of smaller sides
of the rectangle, thus in point C too. Therefore, when calculating bar structures for strength
for the third or fourth failure theories the value of shear stress 7 in point C can’t be ignored
because this value is also considerable. For the different ratios of rectangle’s sides it is within
0,743t ST< T, [7].

The obtained relative errors of calculations for 7 in point C using new alternative
models in comparison to precise [7] and standard models for different ratio of rectangle’s
sides b/a are shown in table 2.

Table 2 — Relative errors for 7 in rectangular cross section bar, [ %]

b/a 1,0 2,0 3,0 5,0 7,0 10,0
Model T T T T T T
(6) 2,37 9,12 12,6 13,8 14,6 15,2
(7 12,06 14,3 16,1 17,6 18,4 18,7
(8) 0 3,0 4,2 5,3 5.4 5,6
) 0 0,32 0,81 0,94 1,2 1,24

Conclusions. The new alternative models of the finite element method on the
biquadratic and bicubic elements were received. Using these models and dividing the bar’s
cross section only by four elements the quite precise results were obtained. While using the
standard models, the acceptable results were obtained only covering the bar’s cross section
with 16 elements. But the amount of computing work was essentially increased.

The obtained results allow to solve various application problems of restoring of the
physical fields that occur in technical systems and objects by developing new mathematical
models.
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