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The paper presents the simplified deformation model for the section analysis of reinforced concrete members, which is considered
as composite material formed of concrete and reinforcement. On this basis, it is proposed to use the design strength of reinforced
concrete. This allows to reduce the section analysis of reinforced concrete members to the methodology of calculations introduced
in the classical “strength of materials”, which contributes to a significant simplification and acceleration of the design process of
both single members and structures in general. This approach to the section analysis of reinforced concrete members makes it
universal for all deformation types of reinforced concrete members. The paper demonstrates and confirms the possibility of using
the developed methodology in the bearing capacity calculations of bended reinforced concrete members.
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V pobori npencrapieHa cpoiieHa fedopmariina Mogesb Ui po3paxyHKy 3a1i3006 TOHHUX KOHCTPYKILiH, B sKiil 3a51i300eTOH
PO3IIIAAETBCA SIK KOMIO3UTHUH Matepiall, yTBOpeHHMit 3 apMaTypu Ta O6eToHy. Mozenb peaizoBaHa i3 BAKOPUCTaHHSAM I10-
HSITTS pO3paxyHKOBOI MIlIHOCTI 3aii300eTony. Lle mo3Bosisie 3BeCcTr po3paxyHOK MILIHOCTI 3ai1i300€TOHHUX €JIEMEHTIB 10 Me-
TOJHMKHU PO3paxyHKiB, 3alIPOBA/PKEHOT B KIIACHYHOMY «OIOPi MaTepialiBy, 0 CIPUsIE 3HAYHOMY CIIPOLICHHIO Ta IIPUCKOPEHHIO
MPOLECY MPOSKTYBaHHs KOHCTPYKIH B HioMy. OCHOBHOIO IIEPEBaror METOy PO3PaxyHKY MIL[HOCTi 3 BUKOPHCTAHHSM I10-
HSTTS ONOPY 3a1i300€TOHY € Te, IO BiH 3aJMIIAETHCS HE3MIHHUAM IIPH 3MiHi JliarpaM HarpyxXeHHs-AegopMalii apMaTypH Ta
OeToHy, BBeJIeHHI HOBO{ iH(OpMAIIi] PO BIACTUBOCTI X MaTepiaiiB, TEXHOJIOTIUHI apaMeTpH, HaBaHTAXXEHHS TomIo. Y 3a-
[PONOHOBAHOMY METO/Ii PO3PaxyHKY 3MiHIOEThCS JIMILE OAUH apaMeTp — PO3PaXyHKOBHUI OMip 3a1i300€TOHY, KU CHHTE3Y-
€ThCs 32 BCIMa MepepaxoBaHUMU Bulle pakropamu. Takuil miaxia A0 po3paxyHKy 3aii3006TOHHHX €JIeMEHTIB pOOHTH HOro
YHIBEpCaJIbHUM JUIsl BCIX BUAIB fedopmaltiii 3a1i300eTOHHIX efeMeHTiB. [t 3pydHOCTI BUKOPHCTaHHS pO3pOOICHOT0 METO LY
cdopmoBani TabaMLi 3HAUSHb PO3PAXYHKOBOTO OMOPY 3aJ1i300€TOHY ATl Pi3HUX KJIaciB OSTOHY i apMaTypH IPU BU3HAYCHUX
BificoTKax apmyBaHHs. KpiM Toro, oTprMai npocti ananiTu4Hi GopMyJu, 110 MOKYTb OyTH 3aCTOCOBaHI IPH OTPUMaHHI MPo-
MDKHUX 3HA4CHb 11i€] XapaKTepHCTHKH. BCTaHOBIICHO rPaHUYHY YMOBY BU3HAUYCHHS PO3PaxyHKOBOI'O OIOPY 3aJ1i300€TOHY, 110
XapaKTepH3yeThCs HACTAHHIM TEKy4OCTi pO3TArHyTOl apMaTypu. Ha 0CHOBI 3apornoHOBaHOT YMOBHU BH3HAYCHI TPAaHUYHI 3Ha-
YEHHS PO3PaXyHKOBOI'O OOPY 3al1i300€TOHY [UIsl HOPMaJIbHO apMOBAHHX 3aJ1i300€TOHHHX CJIEMEHTIB, TOOTO [UIs TAKKX, B SIKUX
y MOMEHT PYIHYBaHHS HalPY>KCHHsI PO3TATHYTOT apMaTypH JOCATAI0Th MEXi TEKy4OCTi. Y poOOTI IEMOHCTPYETHCS Ta MiT-
BEPJUKYETHCS MOMKIIMBICTh BUKOPUCTaHHS PO3p00IIeHOT METOMKH IIPU PO3PAXyHKAX HECyqoi 3/[aTHOCTI 3THHANIbHUX 3a1i300e-
TOHHHX E€JIEMEHTIB.

Kurouogi ciioBa: 6eTon, apmarypa, 3a1i300€TOH, pO3paxyHKOBHIT OITip, pO3paxyHOK.
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Introduction

Reinforced concrete is composite material formed of
two materials namely: concrete and steel reinforce-
ment. Each of these materials has its own physical and
mechanical characteristics, which are used in strength
analysis separately. However, the combination of this
two materials in one, create possibility of deriving gen-
eral characteristic of reinforced concrete as design
strength of reinforced concrete. In this way strength
analysis of reinforced concrete section becomes simple
as in classical strength of materials.

Review of the research sources and publications

Today, there is a tendency to widely implement the
nonlinear analysis and the finite element methods in the
design of reinforced concrete structures. A large num-
ber of proposals have been developed to realize these
methods for section analysis of reinforced concrete
members [1 — 11]. Meanwhile, in most real-world de-
sign situations, there is no need to create complex mod-
els to design ordinary structures. In such cases, it will
be appropriate to use simple and convenient methods
for determining the strength of members. One of such
methods — the reinforced concrete strength concept —
was proposed and considered in [12 — 13] provide using
of nonlinear stress-strain diagrams for materials. The
general theory of reinforced concrete strength was
widely descripted in [14 — 15] on the basis of defor-
mation model. Deriving formulas in those publications
is a complex mathematical process and developed ta-
bles not always meet characteristics of materials, which
are used for the calculation.

Definition of unsolved aspects of the problem

To get simple engineering formulas it is expedient
using simplified deformation model with rectangular
stress distribution in the concrete compressed area. The
design strength of reinforced concrete may be obtained
by using this approach for the most common rectangu-
lar sections with reinforcement A400C and A500C.

Problem statement

The purpose of this work is to simplify the structural
analysis of reinforced concrete members by introducing
the synthesized concept of the design reinforced con-
crete strength, taking into account the strength charac-
teristics of concrete and reinforcement, the reinforce-
ment ratio and the location of reinforcement in the
cross-section.

Basic material and results

The following prerequisites for structural analysis are
accepted [16]:

— plane sections remain plane;

— the strain in bonded reinforcement, whether in ten-
sion or in compression, is the same as that in the sur-
rounding concrete;

— the tensile strength of the concrete is ignored;

—arectangular stress distribution in compressed con-
crete area, as given in Figure 3.5 [16], is assumed;

— the stresses in the reinforcing steel are derived from
the design curve with a horizontal top branch without
strain limit according to Figure 3.8 [16].

The ultimate concrete compressive strains &34 and
the yield strength of the tensile reinforcement are
achieved in the cross-section at the moment of failure.

For the above conditions, the deformation mode of
the section of the flexural reinforced concrete member
is realized in Figure 1.
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Figure 1 — Deformation mode of a single reinforced
concrete beam

The equations of equilibrium are:

ZX:O:fydAs—fyfcdbﬂx:O; )
A
ZMO:O:MEd—fydAs(d—x)—fcdbﬂx(x—%jzo, Q)

where f,s — design yield strength of reinforcement;
Ay — is the cross sectional area of tensile reinforcement
bars; # — the coefficient, # = 1 for concrete grade from
C12/15 to C50/60; f.a — design value of concrete com-
pressive strength; b — breadth of the beam; 4 — the co-
efficient, 4 = 0.8 for concrete grade from C12/15 to
C50/60; x — the neutral axis depth; d — the effective
depth of the beam; Mg; — design value of the applied
external bending moment.

After simple transformations, taking advantage of the
prerequisites, it is received from (2)

2 2
M Soa P-4
“Ed_p e =0, (3)
(/4 277de A

where W = bd*/6 — elastic resistance moment of the sec-
tion; p = Aybd — the longitudinal reinforcement ratio.

The general condition of flexural reinforced concrete
members bearing capacity has the form

Mgy <Mpy = folW 4

where Mg, — the bending moment, which may be per-
ceived by the beam; f2i =1 (C, py, f,4) — the design value
of reinforced concrete strength in flexural members.

From equation (3) and (4) taking fzy; = Mes/W for
single reinforced section f2y is obtained as:

Tya P
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In order to use the concept of reinforced concrete

strength in calculations of reinforced concrete members

bearing capacity, tables of its values are compiled by

using formula (5) depending on the reinforcement ratio,
concrete and reinforcement classes (Tables 1, 2, 3).
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Table 1* — Design strength values of reinforced concrete f:xn
for flexural members with single reinforcement (A400C)

Strength Longitudinal reinforcement ratio p;, %

classes for | 0.05 0.5 1| 125 | o175 | 2 2.5 3
concrete fra= 364 MPa
C12/15 1.080 9.751 17.164 19.993 23.899 - - —
C16/20 1.083 10.056 18.384 21.899 27.635 29.854 32.997 —
C20/25 1.085 10.235 19.099 23.017 29.825 32.715 37.467 40.848
C25/30 1.086 10.335 19.502 23.647 31.059 34.327 39.986 44.477
C30/35 1.087 10.410 19.802 24.115 31.977 35.526 41.860 47.174
C32/40 1.087 10.468 20.033 24.477 32.687 36.453 43.308 49.259
C35/45 1.088 10.523 20.250 24.816 33.351 37.320 44.663 51.210
C40/50 1.088 10.559 20.395 25.042 33.793 37.898 45.566 52.511
C45/55 1.089 10.589 20.515 25.230 34.162 38.380 46.319 53.595
C50/60 1.089 10.619 20.635 25.418 34.531 38.862 47.072 54.679

Table 2* — Design strength values of reinforced concrete f:n
for flexural members with single reinforcement (36 — 22 A500C)

Strength Longitudinal reinforcement ratio p;, %

classes for | 0.05 0.5 1 [ 125 | 175 | 2 2.5 3
concrete foa=435 MPa
C12/15 1.288 11.380 19.421 22.190 - - - —
C16/20 1.293 11.816 21.164 24912 30.558 - - —
C20/25 1.295 12.071 22.185 26.508 33.685 36.540 - -
C25/30 1.297 12.215 22.761 27.407 35.449 38.843 44.380 —
C30/35 1.298 12.322 23.189 28.076 36.760 40.555 47.055 52.100
C32/40 1.299 12.405 23.520 28.593 37.773 41.879 49.123 55.077
C35/45 1.299 12.482 23.829 29.077 38.721 43.117 51.058 57.864
C40/50 1.300 12.534 24.036 29.400 39.353 43.943 52.348 59.722
C45/55 1.300 12.577 24.208 29.668 39.880 44.631 53.423 61.270
C50/60 1.301 12.620 24.380 29.937 40.407 45.319 54.499 62.818

Table 3* — Design strength values of reinforced concrete f:n
for flexural members with single reinforcement (9325 — 40 AS00C)

Strength Longitudinal reinforcement ratio p;, %

classes for | 0.05 0.5 1 [ 125 | 1715 | 2 2.5 3
concrete f.a=417 MPa
C12/15 1.288 11.380 19.421 22.190 - - - —
C16/20 1.293 11.816 21.164 24912 30.558 - - —
C20/25 1.295 12.071 22.185 26.508 33.685 36.540 - —
C25/30 1.297 12.215 22.761 27.407 35.449 38.843 44.380 —
C30/35 1.298 12.322 23.189 28.076 36.760 40.555 47.055 52.100
C32/40 1.299 12.405 23.520 28.593 37.773 41.879 49.123 55.077
C35/45 1.299 12.482 23.829 29.077 38.721 43.117 51.058 57.864
C40/50 1.300 12.534 24.036 29.400 39.353 43.943 52.348 59.722
C45/55 1.300 12.577 24.208 29.668 39.880 44.631 53.423 61.270
C50/60 1.301 12.620 24.380 29.937 40.407 45.319 54.499 62.818

*Notice. Values of fZM1 in tables 1-3 are obtained for nonoverreinforced sections, in which reinforcement achieves yield stress

at the time of failure.
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The value of the design strength of concrete is lim-
ited by the value, which corresponds to the yield
stress of reinforcement. To determine this value, a
well-known notation is used

@,y =AE(d—-0.52¢), (6)

where & = x / d — relative neutral axis depth.
Using (6), equation (2) is written in the form

SM 4 =0:M gy -a,f. bd*=0. (7)

Using the right-hand side of condition (4) it is re-
ceived

fZM =6am cd: (8)

Ultimate value of coefficient a,, which corre-
sponds to the yield point of tensile reinforcement is
determined by (7) using the value of relative neutral
axis depth
_ 1

1 +f ydgcu3 '
ES
where e.,3 — the ultimate values of compressive con-
crete strains, &q,3 = 3.5 %o for concrete classes from
C12/15 to C50/60 according to Table 3.1 [16].

Thus, for nonoverreinforced members, the design
strength of reinforced concrete is limited by the fol-
lowing dependence

Jom <o =60r1 ;- (10)

SR ©

The ultimate values of the design strength of rein-
forced concrete for members with single reinforce-
ment are given in Table 4 for different classes of con-
crete and reinforcement.

Table 4 — Ultimate values of design strength
of reinforced concrete fy1,r
for single reinforced members

Strength Classes of reinforcement
classes of A500C A500C
concrete A400C (06 —22) | (@25-40)

C12/15 24.984 23.988 24.235
C16/20 33.802 32.454 32.788
C20/25 42.619 40.920 41.342
C25/30 49.968 47.976 48.470
C30/35 57.316 55.031 55.598
C32/40 64.664 62.086 62.725
C35/45 73.482 70.552 71.279
C40/50 80.830 77.607 78.407
C45/55 88.178 84.663 85.535
C50/60 96.996 93.129 94.088

For above conditions the deformation mode of the
double reinforced section of the flexural reinforced
concrete member is realized in Figure 2.
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Figure 2 — Deformation mode of double
reinforced concrete beam

The equations of equilibrium are:

SX=0:f As =1y As ~1fpg bAX=0; (11)
SM 4 =0:Mpy = frq 4 (d =) -

ix (12)
—ﬂfcd bﬂ,X(d—TJ:O,

where A’ — is the cross-sectional area of compressed
reinforcement; a — distance from the most compress
edge of the section to the center of gravity of com-
pressed reinforcement.

After simple transformations, taking advantage of
the prerequisites, it is received from equation (12)

. ) St Pt a-o)?
__fydp 1 + =0, (13)
oW d 201 o

where c=A4,’/As — the ratio between the compressed
and tensile reinforcement areas.

From equation (13) and (4) taking f-y2 = Mea/W for
double reinforced section f-yp is obtained as:

! 2
Syapr=0)
ca Jy
=6 | L B V']
sz2 fydp d 277fcd (14)

In order to use the concept of reinforced concrete
strength in calculations of reinforced concrete mem-
bers bearing capacity tables of its values are com-
piled by using formula (14) depending on the rein-
forcement ratio, concrete and reinforcement classes
taking c =0.5,a’/d=0.1 (Tables 5, 6, 7).

For double reinforced members, the design
strength of reinforced concrete is limited by the fol-
lowing dependence

S S o r=60R S - (15)
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Table 5** — Design strength values of reinforced concrete f:i2
for flexural members with double reinforcement (A400C)

Strength Longitudinal reinforcement ratio p;, %
classes for 0.05 0.5 1 1.25 1.75 2 2.5 3
concrete fa=364 MPa; ¢c=0,5;a’/d=0.1
C8/10 1.033 9.960 - - - - - -
C12/15 1.034 10.082 19.579 24.108 - - - -
C16/20 1.035 10.158 19.884 24.585 - - - -
C20/25 1.036 10.203 20.063 24.864 34.210 38.755 - -
C25/30 1.036 10.228 20.163 25.022 34.519 39.158 48.217 -
C30/35 1.036 10.247 20.238 25.139 34.748 39.458 48.685 57.658
C32/40 1.036 10.261 20.296 25.229 34.926 39.689 49.047 58.179
C35/45 1.036 10.275 20.351 25.314 35.092 39.906 49.386 58.667
C40/50 1.036 10.284 20.387 25.370 35.202 40.051 49.612 58.992
C45/55 1.037 10.291 20.417 25417 35.295 40.171 49.800 59.263
C50/60 1.037 10.299 20.447 25.464 35.387 40.291 49.988 59.534
Table 6** — Design strength values of reinforced concrete fu
for flexural members with double reinforcement (06 — 22A500C)
Strength Longitudinal reinforcement ratio p;, %
classes for 0.05 0.5 1 1.25 1.75 2 2.5 3
concrete fa=435MPa; c=0,5;a’/d=0.1
C8/10 1.234 11.806 - - - - - -
C12/15 1.236 11.980 23.125 - - - - -
C16/20 1.237 12.089 23.561 29.066 - - - -
C20/25 1.237 12.153 23.816 29.464 - - - -
C25/30 1.238 12.189 23.960 29.689 40.835 - - -
C30/35 1.238 12.216 24.067 29.857 41.162 46.679 - -
C32/40 1.238 12.236 24.150 29.986 41416 47.010 - -
C35/45 1.238 12.256 24.227 30.107 41.653 47.319 58.440 -
C40/50 1.238 12.268 24.279 30.187 41.811 47.526 58.762 -
C45/55 1.239 12.279 24.322 30.255 41.942 47.698 59.031 70.127
C50/60 1.239 12.290 24.365 30.322 42.074 47.870 59.300 70.514
Table 7** — Design strength values of reinforced concrete f:i2
for flexural members with double reinforcement (325 — 40A500C)
Strength Longitudinal reinforcement ratio p;, %
classes for 0.05 0.5 1 1.25 1.75 2 2.5 3
concrete f.a=417 MPa; ¢=0,5;a’/d=0.1
C8/10 1.183 11.341 - - - - - -
C12/15 1.185 11.501 22.235 - - - - -
C16/20 1.186 11.601 22.635 27.939 - — - -
C20/25 1.186 11.660 22.870 28.306 38.841 - - -
C25/30 1.187 11.693 23.002 28.513 39.246 44.469 - -
C30/35 1.187 11.717 23.100 28.666 39.548 44.863 - -
C32/40 1.187 11.736 23.176 28.785 39.780 45.167 55.717 -
C35/45 1.187 11.754 23.247 28.896 39.998 45451 56.162 -
C40/50 1.187 11.766 23.295 28.970 40.143 45.641 56.458 67.039
C45/55 1.187 11.776 23.334 29.032 40.264 45.799 56.705 67.394
C50/60 1.187 11.786 23.374 29.094 40.385 45.957 56.952 67.750

**Notice. Values of fan in tables 5 — 7 are obtained for nonoverreinforced sections, in which the tensile reinforcement
achieves yield stress at the time of failure.
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The application of the developed method for section
analysis of reinforced concrete members is considered
on examples.

Example 1. Given: a beam of rectangular profile
with cross-sectional dimensions » = 200 mm.
h =400 mm; concrete class C30/35 (foa=19.5 MPa. Eq
=27 GPa. &c1.ca= 1.70%0); reinforcement class A400C
(fya = 364 MPa. E; = 210 GPa) is located at a distance
from the lower face of the section ¢ =30 mm, rein-
forcement area 4, = 1256 mm?.

It is necessary to determine the bending moment
Mpq that may be perceived by the beam.

Solution: determination of the effective depth of the
beam d =h —a =400 —-30 =370 mm.

Resisting moment of the section
W= bd?/6 =200 x 370%/6 = 4.5x10° mm?>,

Longitudinal reinforcement ratio
p =A/bd x 100% =1256 / (200 x 370) x 100% =
=0.017x 100% =1.7%.

From Table (1) fsn was determined using interpo-
lation method, fan = 31.077 MPa < fyr =
=49.968 MPa (Table 4).

My = fur,W =31.077x4.5x10° =139.85 kNm.

Conclusion

The implementation of the method of section analysis
of reinforced concrete members based on the concept
of design strength of reinforced concrete using a sim-
plified deformation model is clear and understandable.
The limiting condition for determining the design
strength of reinforced concrete, characterized by the
onset of yielding of tensile reinforcement, has been es-
tablished.

The bending moment, which may be perceived by
the beam, is Mrs=139.85 kNm.

Example 2. Given: beam from example 1 with com-
pressed reinforcement 4,°= 628mm? located at a dis-
tance a’=30 mm.

It is necessary to determine the bending moment
Mpq that may be perceived by the beam.

Solution: determination of the effective depth of the
beamd=h—a=400—-30 =370 mm.

Resisting moment of the section
W = bd*6 = 200 x 370%/6 = 4.5x10° mm.

Longitudinal reinforcement ratio
p =Ays/bd x 100% =1256 / (200 x 370) x 100% =
=0.017x 100% =1.7%;
c=As"/4s= 628 /1256 = 0,5;
a’/d=30/370=0.1.

From table (5) £ was determined using interpola-
tion method, fap = 33.787 Mpa < fur =
=49.968 MPa (Table 4).

My, = fo,W =33.787x4.5x10° =152.04 kNm.

The bending moment, which may be perceived by
the beam, is Mrs=152.04 KNm

On the basis of the proposed condition, the ultimate
values of the design strength of reinforced concrete are
determined for normally reinforced concrete member,
that is, for those in which at the moment of failure, the
stress of the tensile reinforcement reaches the yield
point. Derived formulas are simple and may be easily
used when using materials with properties different
from tabular data.
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