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When designing traction-coupling devices and studying the operational properties of road trains, it becomes necessary to de-
termine the size and direction of applying loads that are transmitted from one link of the road train to another. This is convenient
to carry out, first by designing a spatial system of forces acting on a separate link, on the axis of the spatial coordinate system,
which is fixedly connected with this link, and then bringing these projections to the coordinate system, which is fixedly con-
nected with another link. So, the problem is to develop a mathematical apparatus that allows you to make the transition between
coordinate systems that are rigidly connected with individual links of the road train. For a category M1 road train, it is proposed
to make a transition between coordinate systems using a table, which is a transformed product of rotation matrices around the
coordinate system axes, which is accepted as stationary. At the same time, stationary, depending on the task, can be considered
a coordinate system associated with any link of the road train. Since the product of matrices is not commutative, and the
positions of individual links during movement change all the time according to an arbitrary sequence of turns, the resulting
matrix will depend on the accepted sequence of turns, which will further affect the projections magnitude of the force one link
influences on another part.

Keywords: road train, rotation angle, rotation matrix, stationary and moving coordinate systems, traction-coupling device,
tractor car, trailer.
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[Tpu npoekTyBaHHI TArOBO-34ilHUX MPHUCTPOIB Ta AOCITIIKCHHI eKCIUTyaTalifHUX BJIaCTUBOCTEH aBTOMNOI3/1iB BUHUKAE HEOO0-
XiJIHICTh Y BU3HAYCHHI BEJIMYMHH Ta HANPSAMKY [PUKJIaJaHHI HaBaHTa)KCHb, K EPeIatoThCs BiJl O/IHI€T JIAHKH aBTOIOI3/1a 10
ixmoi. Ile 3py4HO 3AifiCHATH, CIIOYATKY CIIPOCKTYBABILH IIPOCTOPOBY CHCTEMY CHJI, 10 IIFOTh HA OKPEMY JIAHKY, Ha OCi Ipo-
CTOPOBOI CHCTEMH KOOPJIMHAT, sIKa HEPYXOMO IOB’s13aHa 3 II€0 JIAHKOO, a HOTIM HPHUBECTH i IPOCKLIi 10 CHCTEMH KOOPIH-
HaT, sIka HEPYXOMO I10B’s13aHa 3 1HIIOI0 JiaHKo1o. OTXKe, 3a/1a4a MoJIsrae y po3poOIIeHHI MAaTeMaTHYHOTO anapary, sSKui J03Bo-
JIsi€ 3IMCHIOBATH TEpeXiJ MK CHCTEMaMH KOOPJAUHAT, sIKi )KOPCTKO IMOB’sI3aHi 3 OKpEeMHUMH JIaHKaMu aBTomnoizaa. J{is aBro-
noizaa kareropii M1 mpomnoHyeThCst 3AiMCHIOBATH MEpeXifl MK CHCTEMaMH KOOPAMHAT 33 JAOTOMOIOI0 TaONuIli, sIKa SBISE
co0o10 TpaHchopMOBaHMi TOOYTOK MaTpHIlb MOBOPOTIB HABKOJO OCEHl CHCTEMH KOOPIMHAT, SIKa NPUHHATA 332 HEPYXOMY.
ITpu 11bOMY HEPYXOMOIO, 3aJIXKHO Bijl MOCTaBIEHOI 3a/a4i, MOJKHA BBAXKATH CUCTEMY KOOPJHMHAT IOB’S3aHOIO0 3 OyIb KOO
JaHKO0 aBronoizna. OCKinbkU 100yTOK MAaTpHUIb HE € KOMYTaTUBHHUM, a IOJIOKCHHSI OKPEMHUX JIAHOK IIiJl 4ac pyXy BeCh 4ac
3MIHIOIOTBCS 32 JOBUIBHOIO ITOCTITOBHICTIO IIOBOPOTIB, TO pe3yNIbTyI0Ua MaTpHLs Oyze 3a1eaTH BiJ MPUITHATOT MOCIIiIOBHO-
CTi TMOBOPOTIB, 10 Yy HOJAJBIIOMY BIUIMBATUME Ha BEJMYHMHY IPOCKLiH CHJIM BIUIMBY OJHI€l JaHKH Ha iHmny. Takox Oyio
JIOBEICHO, 110 IUIOCKI PO3PaxyHKOBI CXEMHU HE JIal0Th MOXJIMBOCTI BPaXOBYBAaTH MPOCTOPOBY B3aEMOJIIIO JIAHOK aBTOIOI3/1a.
3HEXTyBaBLIN 3a30paMH B TATOBO-34iITHOMY IIPUCTPOi, 3MiHY IIOJOKEHHS PUYENa BiIHOCHO aBTOMOO1IA MOXKHA OITUCATH Y
BUIJIS TPHOX TIOBOPOTIB HABKOJIO OCEI CUCTEMH KOOPAMHAT, SIKa HEPYXOMO HOB’s3aHa 3 aBTOMOOiIeM. OCHOBHHUM pe3yJIbTa-
TOM € Te, 110 JICHO MOXKHA 3 ICHUTH MIPUBEICHHS CUJI BIUTUBY OJIHI€T 3 TAHOK aBTOIOI3/1a Ha iHIITY Yepe3 TaOJIUII0 epexoy
MiX CHCTeMaMH KOOPJMHAT, 10 OIUCYE IIOBOPOTH HABKOJIO KOXKHOT 3 OCEi CHCTEMH.

KonrouoBi ciioBa: aBTONOi311, KyT HOBOPOTY, MaTPHUIIS IIOBOPOTY, HEPYXOMA Ta PyXOMa CHCTEMH KOOPAWHAT, TSArad, IPHYIIL,
TSTOBO-3YiITHE TIPHCTOCYBAHHSI.
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Introduction

During the road train movement, each of its links is
exposed to a spatial forces system, the size and direc-
tion of which depends on a number of factors. Such fac-
tors are: the strength of the traction of the tractor car,
the resistance to movement, wind, inertial and dynamic
loads, aftershocks from road irregularities and a num-
ber of others [1, 2].

At the same time, the road train links interaction oc-
curs through a traction-coupling device. It is this node
that perceives the loads arising from the movement of
one of the links of the road train and transmits this load
to another. Therefore, the correct determination of the
size and forces direction brought to the traction-cou-
pling device is an urgent issue, since it allows you to
solve a number of engineering problems related to the
design and operation of road trains.

Review of the research sources and publications

The dynamic road train links interaction is devoted to
a significant number of scientific studies.

Fundamental in this direction is the work [3] which
analyzes the structure and working conditions of trac-
tion and coupling devices of road trains. Based on the
studies, the author derived and solved differential equa-
tions of the tractor car interaction with conventional
and active trailers in different modes of movement.

The work [4] contains systematic material relating to
the analysis of the structure, methods of calculation and
basic requirements for individual units and components
of road trains.

Also, a number of works show that the road train links
interaction in the longitudinal direction is influenced
not only by longitudinal forces, but also by those acting
in other directions. When considering the issues of road
train kinematics and dynamics when driving in the
works [5, 6] it is indicated that the forces road train
links interaction does not remain constant even with
stable movement. The authors found that one of the rea-
sons for this phenomenon is the influence of irregular-
ities in the road surface.

Currently, the issue of road trains operational proper-
ties is not completely resolved, which causes the rele-
vance of research in this direction as domestic authors
[7-10], and foreign [11-15].

In the work [7] itis established that the lateral accel-
erations acting in the traction car mass center and trailer
when performing maneuvers "steering wheel jerk" and
"rearrangement” at a speed of 5 m/s are almost the
same, that is, the road train stability in the performance
of these maneuvers should be judged by the size of lat-
eral accelerations operating in the any link road train
mass center.

The author [8] developed the road train category M1
mathematical model, with the help of which the road
train critical speed is determined and factors influenc-
ing its numerical value are analyzed, in particular, the
road train mass and layout parameters and the tires rigid
characteristics of its axles.

In the work [9] it was established that for a prelimi-
nary road train maneuverability assessment, it is possi-
ble to consider the wheels rigid in the lateral direction,

and it is also proved that the road train with trailers of
category O1 and O2, which is being considered, can
provide an acceptable value of maneuverability accord-
ing to DIRECTIVE 2002/7/EC, taking into account all
possible restrictions (tractor car base, location of the
hitch point, the trailer drawbar length, the trailer base).

In [10] the road train movement was considered as
horizontal. As a research result, the road train flat-par-
allel traffic equations system with a single-axle trailer
categorizes O1 has been improved, side reactions on
the car wheels and the trailer at the body roll have been
determined, the wheels removal angles of the car and
the trailer, due to their body roll, have been determined,
a spatial road train mathematical model an in-trans-
verse plane.

In [11] the car model motion equation for and a cara-
van with twenty-four degrees of freedom are developed
using Lagrange equations for quasi-coordination. It is
argued that only with the help of a nonlinear simulation
model, which includes the basic degrees car freedom
and the caravan, you can have reasonable confidence in
the forecast accuracy. This approach is common in car
dynamics, but as far as the author knows, it was not
used to predict the car/caravan coupling pairs.

The work [12] investigated the impact dampers
(shock absorbers) nonlinear properties during road tests
tractor car suspensions on the dynamic road trains sta-
bility. This nonlinearity is modeled using the Magic
Formula damper model and then integrated into an ex-
tended single-track model with a trailer with a tandem
axis.

In [13] existing RVMSs are reviewed and each of the
main RVMS subsystems related to vehicle dynamics
R&D is discussed, and the possibility of using motion
simulators for driving and handling test scenarios is ex-
plored.

In [14], a method for planning maneuvers with simple
speed profiles and steering control is presented. This
method can easily be used in autonomous vehicles as
well as driver assistance systems. The trailer orientation
change maneuver is presented in detail. The practical
application of the proposed method was tested on the
ROMEO4R autonomous car, which performs autono-
mous parallel parking.

The work [15] investigates the road train braking on
the dynamic stability effect, braking is simply simu-
lated and integrated into a single-track model with a
single-axle trailer. On this basis, some fundamentals
and analysis results related to the dynamic stability of
the system are presented through simulation. In addi-
tion, it was found that the load on the axis transfer and
the braking force distribution have a great impact on the
system dynamic stability. For further these two factors
influence analysis, both braking force distribution and
pitch are taken into account in the simulation. Finally,
an ideal brake strength distribution area is proposed.
The results can be taken to explain the experimental
phenomenon and serve as a benchmark for the differ-
ential inhibition strategy when controlling stability.

In work [16] it was established that the load on the
tractor car traction-coupling device significantly affects
the body roll and the support reactions redistribution
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surface along the wheels of its sides. It is shown that
with an increase in the steered wheels rotation angle
and the load on the traction-coupling device, the road
train critical speed, taking into account the roll, signif-
icantly decreases due to the support surface reactions
redistribution and the change wheels resistance coeffi-
cients of different road train sides.

The paper [17] provides systems of differential equa-
tions that take into account the law of changing the
force arising in a traction-coupling device in the case of
using the usual and dynamic drawbar of the road train
trailer link. It is also shown that the cause of longitudi-
nal dynamic loads in a traction-coupling device is the
oscillation of the trailer in the longitudinal vertical
plane.

This road train interaction is explained by the fact that
any spatial system of forces that affect a separate road
train link can be brought to one equilibrium, which can
then be decomposed into projections along the axes of
the spatial coordinate system [18]. Since the power in-
teraction between the links of the road train is carried
out coupling a traction-coupling device, it becomes
necessary to bring equilibrium projections of the spatial
system of forces to this particular device and decom-
pose into projections along the axes of the spatial coor-
dinate system associated with this device.

Definition of unsolved aspects of the problem

Analyzing the works devoted to the study of road
train link interaction, we come to the conclusion that
the authors use flat design schemes in horizontal or ver-
tical planes. However, during the road train movement,
its links undergo spatial loads that may not lie in these
planes, but affect only due to projections on these
planes. Therefore, there is a need to develop a mathe-
matical apparatus that would allow bringing spatial
forces to the axes of coordinate systems that are associ-
ated with a tractor car or trailer.

Problem statement

This study purpose is to develop a mathematical ap-
paratus that allows you to make the transition from a
spatial coordinate system that is fixedly connected with
one of the road train links, for example, a trailer, to a
spatial coordinate system that is fixedly connected with
another link, for example, a tractor car.

Basic material and results

Consider the passenger car road train links interaction
with a single-axle trailer. Analyzing the structure of the
traction-coupling device the car category M1, namely
the hinge in the form of a ball, we come to the conclu-
sion that in the absence of gaps in the hinge, the trailer
has three degrees of freedom in relation to the tractor
car. These degrees of freedom are the possibility of its
rotations in horizontal and two vertical planes that pass
through the center of the hinge. Torque, which occurs
when twisting the road train along the longitudinal hor-
izontal axis, this hinge does not transmit.

It is in these planes that there will be projections of
all forces that arise during the movement of the road
train and affect the tractor car. Also, these degrees of

freedom can be represented in the form of turns around
the spatial coordinate system, which is fixedly con-
nected with the tractor car.

Since the position of the trailer relative to the tractor
car during movement changes all the time, it is obvious
that the values of these force projections will depend on
the position of the trailer, namely its deviations from
the longitudinal axis, both in the vertical and horizontal
planes.

To obtain mathematical expressions that will allow us
to bring the force of influence on the trailer to the trac-
tion-coupling device, and in the future to another link
of the road train, we apply the following approach. We
assume that while driving, the tractor car is always on
a flat horizontal surface, and when overcoming the un-
evenness of the road, only the trailer changes its posi-
tion.

With the hinge center of the traction-coupling device,
we associate the OXYZ coordinate system, which is
rigidly connected with the tractor car and does not
change its position relative to it while driving (Fig. 1).
The coordinate axes system position is as follows: the
OH axis is horizontal and is located along the longitu-
dinal axis of the car symmetry and is directed in the op-
posite direction; the OY axis is also in the horizontal
plane and is directed to the left side of the car; the OZ
axis is directed vertically upwards. Rotation from the
OX axis to the OZ axis is clockwise (a left-sided coor-
dinate system).

Another coordinate system OXYZ also originates in
the traction-coupling device hinge center, the direction
of its axes in the initial period of time coincides with
the OXYZ axes direction coordinate system, but it is
rigidly connected to the trailer and does not change its
position relative to it during movement. Thus, we have
two coordinate systems, the stationary OXYZ and the
OXYZ motion (in relation to the tractor car), which
originate in the center of the hinge of the traction-hitch
device and coincide in the initial period of time (Fig.

1.

Figure 1 — Car and trailer coordinate systems
in the initial time period

The choice of the beginning location and axes direc-
tion of the coordinate systems is due to the following
considerations. When considering the car dynamic pro-
cesses (car with a trailer), the main research areas are
the vehicle movement on the road surface in the accel-
eration, braking, movement, and rotation modes. The
vehicle as a whole and its components are studied to
determine the impact of the forces that each of these
components causes and the vehicle's response to the
impact of these forces.
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According to SAE (Fig. 2) when describing the car
dynamic processes, a right-hand orthogonal coordinate
system is adopted, with the vehicle's mass center begin-
ning.

— OX — is located in the car symmetry plane of the
longitudinal axis and is directed in the direction of its
movement forward;

— OY - lies in a horizontal plane and is directed to-
wards the right vehicle side;

— OZ - is directed downwards in relation to the vehi-
cle. Turns around these axes have the following names:

— p — rotation around the x-axis (roll);

— q —rotation around the Y axis (pitch);

— r —rotation around the Z axis (yaw).

Vertical

z
Figure 2 — Car axle system according to SAE

When describing the processes that occur during ma-
neuvers, the specified coordinate system changes its
position relative to the stationary coordinate system
that is connected to the earth. As a rule, at the maneuver
initial moment, it is assumed that the centers and the
two coordinate systems axes (fixed car and immovable
land) coincide.

The fixed car position coordinate system in relation
to the stationary Earth coordinate system is determined
using the Euler angles or others that are obtained in a
similar way.

We adopted the coordinate system beginning location
traction-coupling device in the hinge center, and the co-
ordinate system axes directions associated with the
trailer and car are mirrored to the coordinate system of
the adopted SAE.

When driving, overcoming irregularities of the sup-
porting surface, the trailer will change its position rela-
tive to the car. The OXYZ coordinate system axes will
deviate from their original position, and therefore from
the OXYZ coordinate system axes.

As is known [18] such a deviation of coordinate sys-
tems can be described using three turns, which in turn
are described by the corresponding rotation matrices.

Assume the following symbols: rotation around the
axis OX is carried out at an angle a, rotation around the
axis OY - at an angle B, rotation around the axis OZ -
at an angle y. Then the rotation matrices around each
spatial coordinate system axes, which is accepted as
stationary, will look like (Table 1).

Since during the road train movement the OXYZ
coordinate system axis can deviate from all three
OXYZ coordinate system axes at the same time, the
trailer relative position to the car will determine the re-
sulting matrix of turns, which we obtain as the product
of rotation matrices around each of the axes.

Table 1 — Three consecutive
turns around OX, OY, OZ axes

Rotate around the OX axis

Z e,
A
1 0 0
0 cosa -sina
0 sina cosa

Rotate around the OY axis

718z

cosB 0 sinf
0 1 0
—sinf8 0 cospf

Rotate around the OZ axis

-
)

=
X
s ¥
X
cosy —siny 0
siny cosy 0
0 0 1

So, for example, when the sequence of rotations
around the axes OX, OY, OZ (Fig. 3) the product of the
matrices will look like
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cosy —siny 0 cosfp 0 sinf 1 0 0
siny cosy O|x| O 1 0 |x|0 cosa —sina|=
0 0 1 —sinfp 0 cosf) \O0 sina cosa
cosf-cosy sina-sinfi-cosy— cosa-sinf-cosy+
—cosa - siny +sina -siny
cosf-siny sina-sinf-siny+ cosa-sinf-siny—
B +cosa-cosy —sina-cosy
—sin sina - cos f cosa-cos B

It should be noted that when obtaining the rotation
matrix product, the sequence of matrices in the equa-
tion is taken inversely to the sequence of turns, that is,
in the first place in the equation there is a matrix that
corresponds to the last turn.

Figure 3 — Three consecutive
turns around the OX, OY, OZ axes

However, this matrix allows you to determine only
the new force vector position, which affects the road
train link, but its coordinates remain on the same basis.

To bring the forces created by one of the road train
links to another link coordinate system, it is necessary to
have a transition between the coordinate systems matrix,
which is achieved by transposing the resulting matrix.

The matrices product is not commutative, so the re-
sulting matrix will depend on the accepted sequence of
turns, which will further affect the magnitude of the
force projections trailer's impact on the car. According
to the combinatorics rules, the turn sequence possible
variants number, in this case, is six. It is this transition
tables number that must be created to study the trail link
with the tractor car interaction.

The resulting matrices, which are a transposed prod-
uct of rotation matrices around each of the individual
axes of the fixed coordinate system OXYZ, depending
on the accepted sequence of turns, are given in
(Table 2).

Having written down the transposed matrix in the ta-
ble form we receive the transition table between the
mobile and fixed coordinate systems. For example, the
transition table between the movable and immovable
coordinate systems in the turns around sequence the
0X, OY, OZ axes will look like (Table 3).

The use of this approach allows you to carry out op-
erations with forces that affect one of the road train
links in its own coordinate system, and then, if neces-
sary, bring these forces to the coordinate system of an-
other link.

Table 2 — Resulting transposed matrices
depending on the turns accepted sequence

The turns around sequence OX, OY, OZ axes

cos f-cosy
sina-sinf3-cosy —
—coso -siny
cosa-sinf-cosy +

+sina -siny

cos B -siny

sina-sinf3-siny +

+cosa-cosy

cosa -sinf-siny —

—sin B

sina -cos

cosa-cos B

—sina -cosy

The turns around sequence OX, OZ, OY axes

cosa-cosy —

—sina-sinf-siny +sina-sinf-cosy

—cosa - siny
cosy -sinff+

+sina -siny -cos

cosa - siny + —cosa-sinfB
cosa-cosy sina
sinf-siny — cosa -cos f
—sina -cos f-cosy

The turns around sequence OY, OX, OZ axes

cos f-cosy —

cos f-siny +

—cosa -sinf

—sina-sinfB-siny +sina-sinf-cosy

—cosa-siny
sinf3-cosy+

+sina -siny -cos

cosax-cosy

sinf3-siny —

—sina -cos f-cosy

sina
—sina -cos f-cosy

cosa - cos B

The turns around sequence OY, OZ, OX axes

cos f-cosy

cosa -cos f-siny +

+sina - sin f

—siny

cosa-cosy

cosa-sinf3-siny —

sinf3-cosy

—sina -cosy

sina -cos fB-siny —
—cosa -sinf3
sina -cosy

sine - sin - siny +

+cosa -cos B

The turns around sequence OZ, OX, OY axes

cos B-cosy +

+sino - sin f-siny
sine - sin fB-cosy —

—cos f-siny

cosa-sinf

cosa -siny

cosa -cosy

—sina

sina -cos f-siny —
—sinff-cosy
sinf3-siny +

+sina -cos f-cosy

cosa -cos B

The turns around sequence OZ, OY, OX axes

cos f-cosy

sina -sinff-cosy +

+cosa-siny

—cos f-siny

cosa-cosy —

—sina - sin - siny

sin 3

—sina -cos B

sino -siny —
—cosa-sinf3-cosy
cosa-sinf-siny +
+sina -cosy

cosa-cosf
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Table 3 — Transition table between coordinate systems

Coordinate
(0),¢ (0)'¢ oz
system axes
OX cos f-cosy cosf-siny —sin
oy N _ o . . . .
sing -sin ff-cosy —cosa -sin y sin @ -sin f-sin y +cos & - cos ¥ sina -cos
0Z cosa -sin f-cos i i i i i i .
: : y+sma-smy | cosa-sin f-siny —sina-sin y cosa-cos f3
Conclusions

As the research result, is following were established:

1. When studying the road train links interaction, it
becomes necessary to bring forces to coordinate sys-
tems stationary associated with these links.

2. Flat design schemes do not make it possible to take
into account the spatial road train links interaction.

3. Neglecting the gaps in the traction-coupling device,
the change in the trailer relative to the car position can
be described in the form of three turns around the coor-
dinate system axes, which is fixedly connected with the
tractor car.

4. To carry out bringing the forces one of the road
train links influences to another allows the transition ta-
ble between coordinate systems, which is a transposed
matrices describing the rotations around each coordi-
nate system axes conventionally accepted as fixed.
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