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Strength analysis of reinforced concrete flexural members
at not entirely use of reinforcement resistance
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The suggestions for the engineering calculation of the reinforced concrete flexural members strength during the elastic work
of steel are given. The engineering technique is developed on the basis of a nonlinear deformation model application using
fractionally rational function for describing the process of concrete compressed area deformation and other prerequisites that
are recommended by current norms for the reinforced concrete structures design. The analytical dependences have been ob-
tained for determining the neutral axis depth and the calculation of the internal bending moment value perceived by the beam
in the normal section. The task of determining the load-bearing capacity of the bending element is reduced to searching by
the direct analytical dependences the maximum value of the bending moment that can be perceived by the beam at given
strains of the most compressed rib of a cross-section.
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V OyniBenbHIN NPaKTHI HOAEKYH 3aCTOCOBYIOTHCS ITepeapMOBaHi 3a1i300€TOHHI eJIEMEHTH, a TaK0X TaKi, B IKHX IpH 0a-
TaTOpsAAHOMY pPO3TAaIllyBaHHI apMaTypH HAmpyXeHHS HE B YCiX apMaTypHHX CTEPXKHSX JIOCATAalOTh MEXi TeKy4OCTi.
Po3paxyHOK MIIHOCTI TaKMX KOHCTPYKLIH € CKJIAJHUM Ta TPYAOMICTKHM IPOLECOM, OCKITbKH 1HXKEHEPHOI METOIUKU Ui
TAKOTO BHUMIAJKy PO3paxyHKy Ha OCHOBI HeliHilHOI nedopmariiinoi Mozerni He po3pobiaeHo. Po3polneHHs iHxkeHepHOi MeTo-
JIKH PO3paxyHKy HECY4Oi 3JaTHOCTI IIUX 3a1i300€TOHHUX 3THHANBHUX €JIEMEHTIB 31HCHEHO 3 ypaxyBaHHIM BUMOT YHHHUX
HOPM, PO3MOALT HANPYXKEHb B OSTOHI CTUCHYTOI 30HM 3/iHCHEHO BIAMOBIAHO N0 AiarpaMH «HANpyXeHHSI — AedopMarii y
BUTJIAI IpOOOBO-pamiOHaNIBHOI 3alIeKHOCTI. 3a/jada 3 po3paxyHKy MIITHOCTI B HOPMAJIBHOMY II€pepi3i pO3IISAaeThCs IS
0aNky MPSMOKYTHOTO MONEPEYHOT0 Iepepi3zy, apMOBAHOTO OAMHOYHOIO apMaTypol0 B MOMEHT JOCSATHEHHS OETOHOM Ha PiBHI
HalOinbm crucHyTOl (iOpm Takmx 3HadeHb AedopMamii, KOJM Hecyda 3HATHICTH eleMeHTa Oyne MaKCHMaJIBHOIO.
[Tpu upoMy apmaTypa B NMOIEPEYHOMY Iepepi3i NpalfoBaTUME 3 HEIOBHUM PO3PaXyHKOBHM onopoM. OTpuMaHi aHaTiTHYHI
3QJIOKHOCTI 111 OOYMCIIEHHS BMCOTH CTHCHYTOI 30HM O€TOHY Ta 3HAUECHHs BHYTDIlIHBOIO 3TMHAJIBHOTO MOMEHTY, IO
crpuiiMaeThes 0aKo0 B HOpMaJIbHOMY Tepepisi. Po3paxyHok Hecyuoi 31aTHOCTI 3rMHAJIBHOTO €JIeMEHTa 3BEICHO 10 00UHC-
JICHHSI MAaKCUMAJIHOTO 3HAYEHHs 3THHAJIBHOTO MOMEHTY, SIKHil MOXe CIPUHHATH 6ajka NpH rPaHUYHUX 3HA4YCHHSX aedop-
Maniii HaffOIbII CTUCHYTOT TpaHi mepepizy. PO3risiHyTO TakoXX BUIIAJOK PO3PaXyHKY MIITHOCTI 3THHAIBHUX €JIEMEHTIB 3 0a-
TaTOPSJHUM PO3TAlIyBaHHSIM PO3TATHYTOI apMaTypH, P KOTPOMY HaIpyXKEHHS, SKi BIIIIOBIAIOTh MeXi TeKydOCTi, TOCs-
raloThesl HE B YCIX psfax apMaTypH. 3aCTOCYBaHHS APOOOBO-paIlioHANBHOT 3aJIeXKHOCTI IS OIMCAHHS Iporecy aehopMmy-
BaHHS OETOHY CTHCHYTOI 30HHM 3THHAJBHUX €JIEMEHTIB JAJI0 3MOTY CYTTEBO CHPOCTHTH Ta HAOIM3UTH A0 IHXKEHEPHOTO
PO3B’A3KY 3aa4dy 3 BU3HAYCHHS HECYYOl 34aTHOCTI €JIEMEHTIB 3 HEOBHIM BUKOPHCTaHHAM MILTHOCTI PO3TATHYTOI apMaTypH.

Kurouosi cioBa: 3amizo0eToH, 6anka, MillHICTb, pO3paxXyHOK.
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Introduction

Design of reinforced concrete members and struc-
tures on the basis of nonlinear deformation of materi-
als more accurately reflects the actual work of materi-
als and is recommended by the current norms [1, 2].
Practical methods for solving problems of the rein-
forcement selection, and determining the reinforced
concrete elements strength have been developed on
the basis of this approach. In practice there are some-
times overreinforced elements or those where, when
multi-row arrangement of tensile reinforcement,
stresses reach the yield strength not in all reinforcing
bars. Determining the strength of such structures is a
much more complicated calculation process, since the
engineering methodology for such a calculation case is
not developed. Even the strength calculation of rec-
tangular section reinforced concrete beam cannot be
performed without special computer programs, where
the physical essence of the process is closed from the
designer, which deprives him of understanding the de-
sign theoretical foundations.

Review of research sources and publications

Proposals for engineering calculations of the bending
reinforced concrete elements strength are given in
works [3 — 8]. In particular, in the publications [3 — 5],
these proposals are implemented on the basis of the
fractional-rational "stress-strain" dependence in the
concrete compressed area use. In [6] examples of calcu-
lating the strength and determining the area of rein-
forcement on the basis of the reinforced concrete resis-
tance concept are considered. In the article [7] methods
of the problem engineering solution of determining the
longitudinal reinforcement area of the bending elements
is given. All of the above proposals are obtained only
for elements with entire use of the reinforcement
strength. In the paper [8], the problem of determining
the strength of both normal and overreinforced rein-
forced concrete elements is proposed to be solved on
the basis of the application of a uniform stresses distri-
bution in the concrete of the compressed area. Publica-
tions [9 — 14] are devoted to the development of meth-
ods for calculating the strength of any reinforced con-
crete elements based on the deformation model in the
general case and are proposed for implementation only
with the use of modern computer programs.
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Definition of non-solved aspects of the problem

Thus, in the theory of structural analysis of rein-
forced concrete elements a gap was created, which
concerns the lack of engineering calculations of ele-
ments with reinforcement in an elastic stage.

Problem statement

Consequently, the development of an engineering
method for calculating the carrying capacity of rein-
forced concrete bending elements with partial use of
the reinforcement strength is an urgent task.

Basic material and results

The solution of the problem is carried out according
to the design scheme depicted in Figure 1. In this case,
the preconditions for calculating according to the
norms [1, 2] are considered. In the scheme, the func-
tion-approximation of the "strain-strain" diagram in
the form of fractional-rational dependence (3.4) from
[1] was used in the image of the curvilinear diagram
of the stresses distribution in the concrete compressed
area.

The problem of calculating the strength is consid-
ered for a single reinforced beam of rectangular cross-
section (Fig. 1) at the time when the most compressed
concrete fibers reaching the level of such strain values,
when the carrying capacity of the element is maximal.
In this case, the reinforcement in the cross section
works with partial design strength, i.e. g, < f,.

In the task, it is taken as known values: the area of
the longitudinal reinforcement A, in the cross-section,
the dimensions of the cross-section of the beam & x 4,
the physical and mechanical characteristics of the con-
crete fo4, Ecq, €01 and reinforcement £, E;. For the con-
sidered beam it is determined by the engineering
method [5], that &> &;.

Unknown values are the maximum value of the re-
sisting moment Mp,;, which can be perceived by the
beam, and the corresponding value of strains in the
most compressed concrete fibers &) = &, (its level
n = 1n,), at which the beam maximizes resistance to
the external load.

: %/" I

Figure 1 — Design scheme of the reinforced concrete beam
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To solve the problem according to the accepted de-
sign scheme (Fig. 1) it is used:
— equation of equilibrium:

> X=0; N,-N,=0, (1

D My=0; Mpy—N,(d—x+yy,)=0, )

where N,, N, — resultant forces respectively in rein-
forcement and concrete;
d, x, yn. — the effective depth of the cross-section, the
neutral axis depth, the distance from the neutral axis to
the point of force N, application;

— the "stress-strain" diagram for concrete at the axial
compression according to [1]

o :fcd(kﬂ_ﬂz) , (3)
< 1+ (k-2)n)

where & :1705(EL'd Ecled /ﬁ'd)a n= (gc/ 8L’1,Cd) < k)

fea» Ecq — accordingly, the design values of concrete

strength at axial compression and its elastic modulus;
— condition of strains compatibility of concrete and

reinforcement

& =&y “4)

— the "stress-strain" diagram for reinforcing steel in
tension (compression)

O-s:Esgs at 0< & S];d /Ev, (5)
O :ﬁzd at J;d /Ev <& < Euds (6)

— criterion for the maximum strength of the cross
section of the beam element

Mu(gcu) = Mu = maXM(gc(I))
or
M,(n.) = M, = maxM(n), (7

in which the ultimate (characteristic) value of the
compressive strain in the concrete (or its level) satis-
fies the condition of the extreme strength criterion of
this section in the beam [2, p. 4.1.1], thereby ensuring,
in the general case, the duality of the beam element
strength problem solution in cross section.

To solve the problem, it is necessary first to express
the components N, N,, x and yy,. in equations (1) and
(2) functionally through o, x, & or through g, x,
Heqr)-

To achieve this goal there is a need to have the law
of stress distribution in the concrete of the compressed
area in the form o. = Ay, 7u),...). Such a law de-
scribes the distribution of stresses in the concrete of
the compressed area in the coordinate system Y.O.X.
with its start on the neutral axis (Fig. 1), is obtained as
follows

fcdﬂc(l)y(k?C—ﬂc(l)J’)
x(x+(k—2)776(1)y) ’

where y — the current coordinate;

x — the neutral axis depth.
Applying the dependence (8), the components of

equations (1) and (2), after performing the necessary
mathematical actions, are given to the expressions:

O (y, 77c(1),m): @)

N :bj ﬁdﬂc(l)J’(kX—ﬂc(l)J’)

o x(x+(k=2)m.0) =latelten); ®

ch=Sc/Nc=x¢("”“)) ; (10)
()
xﬂdﬂc(l)y(kx—qc(l)y)y s
St dy=[abp(ney)s (1)
i[ x(x+(k—2)77€(l)y) d ( (1))
2
w(m(l)):(k—l) (c3—1nc—1) T e,
(k=2) 1.0 2(k-2) ;o (12)
o(1eqty ) =11y (1=T1ey/3) pm k=2,
) (k_l)z[(c—z)%zlnc_q -
Pl )= npu k#2,
2(k-2)' 3(k-2) W

2 Tkq
(/’(’70(1)):%(1)(3— 84 ] npu k=2,

where w(#.1)) — the coefficient of the stress diagram
fullness in the concrete compressed area, as it can be
seen from formula (9).

Formulas (12) and (13) are derived when developing
the expressions (9) — (11), while the notation was
made C:1+(K—2)7’]c(1).

After the substitution of the values of N,, N., x and
Yne expressed in terms of #. into (1) and (2), with
0, < fya, the latter acquire the form:

Ee A~ f.bxw=0; (14)
M gy~ froqbxa(d— yox)=0, (15)
where coefficient
7="=F, (16)
[0)

shows which part of the depth x the distance from the
most compressed fibers to the point of application of
the resultant N, constitutes.

Based on the hypothesis application of strains linear
distribution, an expression is used to determine the de-
formations of the tensile reinforcement

g, feld=Y) (17)

X

After substitution (17) into the first equation of equi-
librium (14) a formula for the direct determination of
the neutral axis depth is obtained

x=—B+VB*+2Bd , (18)
where
E A
B:gc(l) st (19)
2f. bw

Thus, the problem of determining the strength is re-
duced to finding the maximum value of the bending
moment that can be perceived by the beam
at the predefined deformations &, of the most com-
pressed rib from the second equation of equilibrium

My =f.ybxa(d - yox). (20)
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In practice, bending elements with multi-row ar-
rangement of tensile reinforcement are often used. In
this case, the stresses in the reinforcement of different
rows may reach the yield strength or not. For this case,
the design scheme acquires the form shown in Fig. 2.
Equation for equilibrium for the considered design

scheme (Fig. 2) is written as follows:
D> X=0; Ny+N,—N,=0, (1)

ZMA =0; My —Ni(d;=x+yy: )=Ny (d; _'x+ch):0’ (22)

e | rev. |

Yyl

in which N;;, N,; — the resultant forces in the tensile re-
inforcement, the stress at which o, = f,, and o, < f4, re-
spectively;

d; — the distance from the most compressed border of
the cross-section to the i-th row of reinforcement, the
stress of which reaches the yield strength (o, = f,.);

d; — the distance from the most compressed border of
the cross-section to the j-th row of reinforcement,
where the stress does not reach the yield strength

(O-s <fyd)~

| feo _ b

-1

Figure 2 — Design scheme of the reinforced concrete beam
with multi-row arrangement of tensile reinforcement

After substituting the values of Ny;, N, x and yy,. into
equations (1) and (2) with o, <f,,, the latter acquire
the form:

n k
E. D &3 Ag+fra D Ay~ frqbxw=0, (23)
i=1 J=1
Mgy —€.0\Eq Z(di /X_I)Asi (di —;(a)x)—
= (24)

k
—fa ZAS]- (dj —;(a)x)zO,
j=1

where n — the number of reinforcement bars rows,
where the stresses do not reach the yield strength;
k — the number of reinforcement bars rows, where the
stresses reach the yield strength.

After substitution (17) into the first equation of equi-
librium (23) a formula for the direct determination of
the neutral axis depth is obtained

k
sy Es 2o Aydy
=

x=—B+{|B*+ b , (25)
cdP®
where
n k
gc(l)Es zAsi _fyd ZASj
_ i=1 = (26)
2fcdba)

Thus, in the same way as in the previous case, the
problem of determining the strength is reduced to
finding the maximum value of the bending moment
that can be perceived by the beam at the predefined
strains &) of the most compressed border of cross-
section from the second equation of equilibrium

n k
My =¢.0)E; Z(dz Ix=1)4; (di_lwx)-'_fyd ZAsj (dj —;(a)x). @7
i=1 =1

In this case, the iterative search should begin with
the value of strains &,y = #,£.1, where #,, is the limiting
deformation level of the most compressed fibre of the
concrete in [5], which corresponds to the destruction
of the element with the full use of the reinforcement
strength, that is, when reinforcement reaches the
stresses f,,. Increment deformation at each step is
Agc(l) = 0,18“,1.

Typically, with Ae.qy = 0,1¢,, results are obtained
with sufficient accuracy, but if it is necessary to im-
prove the accuracy of the calculation, smaller values
for deformation growth at each step can be used.

The search should be carried out to the value of the
strains &), where the value of the bending moment
Mpy determined from (20) or (27), depending on the
calculation case, begins to decrease, thus, it is smaller
than in the previous step. The largest of the obtained
Mz, values determines the bearing capacity in the
normal section of the bending element with incom-
plete use of the reinforcement strength.

Conclusions

Thus, the application of fractional-rational depend-
ence for describing the process of deforming the con-
crete of the bending elements compressed area en-
abled to simplify and approximate significantly to the
engineering solution the problem of the elements bear-
ing capacity determining with incomplete use of the
tensile reinforcement strength.
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