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The suggestions for the engineering calculation of the reinforced concrete flexural members strength during the elastic work 

of steel are given. The engineering technique is developed on the basis of a nonlinear deformation model application using 

fractionally rational function for describing the process of concrete compressed area deformation and other prerequisites that 

are recommended by current norms for the reinforced concrete structures design. The analytical dependences have been ob-

tained for determining the neutral axis depth and the calculation of the internal bending moment value perceived by the beam 

in the normal section. The task of determining the load-bearing capacity of the bending element is reduced to searching by 

the direct analytical dependences the maximum value of the bending moment that can be perceived by the beam at given 

strains of the most compressed rib of a cross-section. 
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У будівельній практиці подекуди застосовуються переармовані залізобетонні елементи, а також такі, в яких при ба-

гаторядному розташуванні арматури напруження не в усіх арматурних стержнях досягають межі текучості.  

Розрахунок міцності таких конструкцій є складним та трудомістким процесом, оскільки інженерної методики для 

такого випадку розрахунку на основі нелінійної деформаційної моделі не розроблено. Розроблення інженерної мето-

дики розрахунку несучої здатності цих залізобетонних згинальних елементів здійснено з урахуванням вимог чинних 

норм, розподіл напружень в бетоні стиснутої зони здійснено відповідно до діаграми «напруження – деформації» у 

вигляді дробово-раціональної залежності. Задача з розрахунку міцності в нормальному перерізі розглядається для 

балки прямокутного поперечного перерізу, армованого одиночною арматурою в момент досягнення бетоном на рівні 

найбільш стиснутої фібри таких значень деформацій, коли несуча здатність елемента буде максимальною.  

При цьому арматура в поперечному перерізі працюватиме з неповним розрахунковим опором. Отримані аналітичні 

залежності для обчислення висоти стиснутої зони бетону та значення внутрішнього згинального моменту, що 

сприймається балкою в нормальному перерізі. Розрахунок несучої здатності згинального елемента зведено до обчис-

лення максимального значення згинального моменту, який може сприйняти балка при граничних значеннях дефор-

мацій найбільш стиснутої грані перерізу. Розглянуто також випадок розрахунку міцності згинальних елементів з ба-

гаторядним розташуванням розтягнутої арматури, при котрому напруження, які відповідають межі текучості, дося-

гаються не в усіх рядах арматури. Застосування дробово-раціональної залежності для описання процесу деформу-

вання бетону стиснутої зони згинальних елементів дало змогу суттєво спростити та наблизити до інженерного 

розв’язку задачу з визначення несучої здатності елементів з неповним використанням міцності розтягнутої арматури. 
 

Ключові слова: залізобетон, балка, міцність, розрахунок. 
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Introduction 

Design of reinforced concrete members and struc-

tures on the basis of nonlinear deformation of materi-

als more accurately reflects the actual work of materi-

als and is recommended by the current norms [1, 2]. 

Practical methods for solving problems of the rein-

forcement selection, and determining the reinforced 

concrete elements strength have been developed on 

the basis of this approach. In practice there are some-

times overreinforced elements or those where, when 

multi-row arrangement of tensile reinforcement, 

stresses reach the yield strength not in all reinforcing 

bars. Determining the strength of such structures is a 

much more complicated calculation process, since the 

engineering methodology for such a calculation case is 

not developed. Even the strength calculation of rec-

tangular section reinforced concrete beam cannot be 

performed without special computer programs, where 

the physical essence of the process is closed from the 

designer, which deprives him of understanding the de-

sign theoretical foundations. 

 

Review of research sources and publications 

Proposals for engineering calculations of the bending 

reinforced concrete elements strength are given in 

works [3 – 8]. In particular, in the publications [3 – 5], 

these proposals are implemented on the basis of the 

fractional-rational "stress-strain" dependence in the 

concrete compressed area use. In [6] examples of calcu-

lating the strength and determining the area of rein-

forcement on the basis of the reinforced concrete resis-

tance concept are considered. In the article [7] methods 

of the problem engineering solution of determining the 

longitudinal reinforcement area of the bending elements 

is given. All of the above proposals are obtained only 

for elements with entire use of the reinforcement 

strength. In the paper [8], the problem of determining 

the strength of both normal and overreinforced rein-

forced concrete elements is proposed to be solved on 

the basis of the application of a uniform stresses distri-

bution in the concrete of the compressed area. Publica-

tions [9 – 14] are devoted to the development of meth-

ods for calculating the strength of any reinforced con-

crete elements based on the deformation model in the 

general case and are proposed for implementation only 

with the use of modern computer programs. 

Definition of non-solved aspects of the problem 

Thus, in the theory of structural analysis of rein-

forced concrete elements a gap was created, which 

concerns the lack of engineering calculations of ele-

ments with reinforcement in an elastic stage. 

 

Problem statement 

Consequently, the development of an engineering 

method for calculating the carrying capacity of rein-

forced concrete bending elements with partial use of 

the reinforcement strength is an urgent task. 

 

Basic material and results 
The solution of the problem is carried out according 

to the design scheme depicted in Figure 1. In this case, 

the preconditions for calculating according to the 

norms [1, 2] are  considered. In the scheme, the func-

tion-approximation of the "strain-strain" diagram in 

the form of fractional-rational dependence (3.4) from 

[1] was used in the image of the curvilinear diagram 

of the stresses distribution in the concrete compressed 

area. 

The problem of calculating the strength is consid-

ered for a single reinforced beam of rectangular cross-

section (Fig. 1) at the time when the most compressed 

concrete fibers reaching the level of such strain values, 

when the carrying capacity of the element is maximal. 

In this case, the reinforcement in the cross section 

works with partial design strength, i.e. σs < fyd. 

In the task, it is taken as known values: the area of 

the longitudinal reinforcement As in the cross-section, 

the dimensions of the cross-section of the beam b × h, 

the physical and mechanical characteristics of the con-

crete fcd, Ecd, εc1 and reinforcement fyd, Es. For the con-

sidered beam it is determined by the engineering 

method [5], that ξ > ξR. 

Unknown values are the maximum value of the re-

sisting moment MRd, which can be perceived by the 

beam, and the corresponding value of strains in the 

most compressed concrete fibers εc(1) = εcu (its level  

η = ηu), at which the beam  maximizes resistance to 

the external load. 

 

 

 

 

 
 

Figure 1 – Design scheme of the reinforced concrete beam 
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To solve the problem according to the accepted de-

sign scheme (Fig. 1) it is used: 

– equation of equilibrium: 
 

0; 0,s cX N N                 (1) 
 

 0; 0,O Ed c NcM M N d x y                 (2) 
 

where Ns, Nc – resultant forces respectively in rein-

forcement and concrete;  

d, x, yNc – the effective depth of the cross-section, the 

neutral axis depth, the distance from the neutral axis to 

the point of force Nc application; 

– the "stress-strain" diagram for concrete at the axial 

compression according to [1] 
 

2( )

(1 ( 2) )

cd
c

f k

k

 






 

,              (3) 

 

where k =1,05(Ecd εc1,cd / fcd), η = (εc/ εc1,cd) < k; 

fcd, Ecd – accordingly, the design values of concrete 

strength at axial compression and its elastic modulus; 

– condition of strains compatibility of concrete and 

reinforcement 
 

εc = εs;               (4) 
 

– the "stress-strain" diagram for reinforcing steel in 

tension (compression) 
 

σs=Esεs  at  0 < εs ≤ fyd / Es;             (5) 
 

σs = fyd  at  fyd / Es < εs ≤ εud;              (6) 
 

– criterion for the maximum strength of the cross 

section of the beam element 
 

Мu(εcu) = Мu = maxМ(εc(1)) 
 

or 
 

Мu(ηu) = Мu = maxМ(η),              (7) 
 

in which the ultimate (characteristic) value of the 

compressive strain in the concrete (or its level) satis-

fies the condition of the extreme strength criterion of 

this section in the beam [2, p. 4.1.1], thereby ensuring, 

in the general case, the duality of the beam element 

strength problem solution in cross section. 

To solve the problem, it is necessary first to express 

the components Ns, Nc, x and yNc in equations (1) and 

(2) functionally through σs, х, εc(1) or through σs, x, 

ηс(1). 

To achieve this goal there is a need to have the law 

of stress distribution in the concrete of the compressed 

area in the form σc = f(у, ηс(1),…). Such a law de-

scribes the distribution of stresses in the concrete of 

the compressed area in the coordinate system YcОcХc 

with its start on the neutral axis (Fig. 1), is obtained as 

follows 

   
  

(1) (1)

(1),...

(1)

,
2

cd c c

c c
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f y kx y
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


 
,             (8) 

where y – the current coordinate;  

x – the neutral axis depth. 

Applying the dependence (8), the components of 

equations (1) and (2), after performing the necessary 

mathematical actions, are given to the expressions: 
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where ω(ηс(1)) – the coefficient of the stress diagram 

fullness in the concrete compressed area, as it can be 

seen from formula (9). 

Formulas (12) and (13) are derived when developing 

the expressions (9) – (11), while the notation was 

made с=1+(К–2)ηс(1). 

After the substitution of the values of Ns, Nc, x and 

yNc expressed in terms of ηc(1) into (1) and (2), with  

σs < fyd, the latter acquire the form:  

 

0s s s cdE A f bx   ;           (14) 
 

  0Ed cdM f bx d x    ,          (15) 
 

where coefficient 
 

2

 





 ,            (16) 

 

shows which part of the depth x the distance from the 

most compressed fibers to the point of application of 

the resultant Nc constitutes. 

Based on the hypothesis application of strains linear 

distribution, an expression is used to determine the de-

formations of the tensile reinforcement 

 

 (1)c
s

d x

x





  .            (17) 

 

After substitution (17) into the first equation of equi-

librium (14) a formula for the direct determination of 

the neutral axis depth is obtained 
 

2 2x B B Bd   ,            (18) 

where 

(1)

2

c s s

cd

E A
B

f b




  .             (19) 

 

Thus, the problem of determining the strength is re-

duced to finding the maximum value of the bending 

moment that can be perceived by the beam  

at the predefined deformations εc(1) of the most com-

pressed rib from the second equation of equilibrium 
 

 Rd cdM f bx d x   .           (20) 
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In practice, bending elements with multi-row ar-

rangement of tensile reinforcement are often used. In 

this case, the stresses in the reinforcement of different 

rows may reach the yield strength or not. For this case, 

the design scheme acquires the form shown in Fig. 2. 

Equation for equilibrium for the considered design 

scheme (Fig. 2) is written as follows: 
 

0; 0,si sj cX N N N               (21) 
 

   0; 0,A Ed si i Nc sj j NcM M N d x y N d x y           (22) 

in which Nsi, Nsj – the resultant forces in the tensile re-

inforcement, the stress at which σs = fyd and σs < fyd, re-

spectively; 

di – the distance from the most compressed border of 

the cross-section to the i-th row of reinforcement, the 

stress of which reaches the yield strength (σs = fyd); 

dj – the distance from the most compressed border of 

the cross-section to the j-th row of reinforcement, 

where the stress does not reach the yield strength 

(σs < fyd). 

 
 

 
 

Figure 2 – Design scheme of the reinforced concrete beam  

with multi-row arrangement of tensile reinforcement 

 

After substituting the values of Nsi, Nc, x and yNc into 

equations (1) and (2) with σs < fyd, the latter acquire 

the form: 

1 1

0
n k

s si si yd sj cd

i j

E A f A f bx 
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    ,          (23) 
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  




         (24) 

where n – the number of reinforcement bars rows, 

where the stresses do not reach the yield strength; 

k – the number of reinforcement bars rows, where the 

stresses reach the yield strength. 

After substitution (17) into the first equation of equi-

librium (23) a formula for the direct determination of 

the neutral axis depth is obtained 
 

(1)
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k

c s sj sj

j

cd

E A d

x B B
f b




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,           (25) 

where 

(1)

1 1

2

n k

c s si yd sj

i j

cd

E A f A

B
f b




 




 

 .          (26) 

Thus, in the same way as in the previous case, the 

problem of determining the strength is reduced to 

finding the maximum value of the bending moment 

that can be perceived by the beam at the predefined 

strains εc(1) of the most compressed border of cross-

section from the second equation of equilibrium 

     (1)

1 1

/ 1 .
n k

Rd c s i si i yd sj j

i j

M E d x A d x f A d x  
 

      (27) 

In this case, the iterative search should begin with 

the value of strains εc(1) = ηuεc1, where ηu is the limiting 

deformation level of the most compressed fibre of the 

concrete in [5], which corresponds to the destruction 

of the element with the full use of the reinforcement 

strength, that is, when reinforcement reaches the 

stresses fyd. Increment deformation at each step is 

Δεc(1) = 0,1εcu1. 

Typically, with Δεc(1) = 0,1εcu1, results are obtained 

with sufficient accuracy, but if it is necessary to im-

prove the accuracy of the calculation, smaller values 

for deformation growth at each step can be used. 

The search should be carried out to the value of the 

strains εc(1), where the value of the bending moment 

MRd determined from (20) or (27), depending on the 

calculation case, begins to decrease, thus, it is smaller 

than in the previous step. The largest of the obtained 

MRd values determines the bearing capacity in the 

normal section of the bending element with incom-

plete use of the reinforcement strength. 

 

Conclusions 

Thus, the application of fractional-rational depend-

ence for describing the process of deforming the con-

crete of the bending elements compressed area en-

abled to simplify and approximate significantly to the 

engineering solution the problem of the elements bear-

ing capacity determining with incomplete use of the 

tensile reinforcement strength. 
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