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The analytical solutions for the determination of vertical displacements at any point of single-layer and multilayer soil
compositions under filtration water flow influence, saline solutions presence and filtration considering soil changing filtration
and deformation characteristics have been obtained. The mathematical models of soil filtration and the stress-deformed state
from water-saturated ground massifs and bases deformations forecast under internal volumetric forces influence
(hydrodynamic forces of the filtration flow, changes in the soils own weight) have been developed and substantiated.
Numerical solutions of the corresponding boundary filtration problems and SDS of soil in regions with time-varying
curvilinear boundary have been obtained for these mathematical models. They have enabled to perform water-saturated soils
and bases deformations forecast under the change of hydrogeological conditions and man-made factors effect.
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MaTteMaTH4YHe MOJEJIOBAHHS HANIPYKEeHO-1¢(POPMOBAHOIO CTAHY
IPYHTOBHX MACHBIB IIPU 3HUKEHHI PiBHSA I'PYHTOBHX BOJ

Kyzno M.T. "

! Hardonanbuuit YHIBEPCHTET BOJHOTO TOCIOAPCTBA Ta IPUPOIOKOPUCTYBAHHS
* Anpeca JUIs IUCTYBaHHS: kuzlo-(@ukr.net

JlocTipkeHO BIUTUB 3MiHH TiIPOTEOJIOTIIHAX YMOB Ta Aii TEXHOTCHHHX (hakTopiB Ha medopManii BOJOHACHIEHHX IPYHTOBHX
MacuBiB i 0CHOB. HaBeeHO pe3ysbTaTH eKCIEePUMEHTANbHUX JOCII/PKCHb BIUIMBY KOHIIGHTpalil COJBOBHX PO3YHMHIB Ha
¢inpTpauiitai Ta gedopmaniitni BractuBocTi IpyHTY. OTpUMaHO eMIIPUYHI 3aJISKHOCTI Y BHIVLIAI TOJIIHOMIB KoedilieHTa
¢inprpanii, moxyns aebopmauii i koediuientiB Jlame Bix KOHIEHTpALiT COJBOBHX PO3YHHIB, SIKi JO3BOJMIN BIOCKOHAIHTH
MaTeMaTH4Hi Mojesi GinpTpalii Ta HanpyKeHo-Ae(pOPMOBAHOTO CTaHy IPYHTY 3 ypaxyBaHHIM HETiHIHHUX QinbTparifHux i
nedopmariiiHUX OpoLEeciB, IO BiAOYBAalOThCS y IPYHTOBHX MacHBaxX 3a HAsSBHOCTI Ta (inbTpalii CONBOBUX PO3YMHIB.
OTpHUMaHO aHATITHYHI PO3B’S3KU 3 BU3HAYECHHS BEPTUKATGHUX 3MIIIEHb y Oymb-sKii TOUMI OAHO-1 6araTonrapoBHX IPYHTO-
BHX MacHBIB IIpH Aii GiIbTpamifHOTO HOTOKY BOJIH, HAasSBHOCTI Ta (inbTpamii COIBOBHX PO3UMHIB 3 ypaxyBaHHIM 3MIHHHX
¢urpTpaniitHux i nehopMamiiHUX XapaKTepUCTHK IPYHTY. Po3pobieHo H ynoCKOHaIeHO MaTeMaTH4HI Mojemi (imbprparii
Ta HampyKeHO-IehOPMOBAHOTO CTaHy IPYHTY 3 HPOTHO3yBaHHS nedopMariii BOJOHACHYCHHMX IPYHTOBHX MAacHBiB i
OCHOB TpH Aii BHYTPIMIHIX 00’€MHUX CHI (TiApOIMHAMIYHUX CHJ (iNBTPALiiiHOTO MOTOKY, 3MIHM BJIAaCHOI Bark IPYHTY).
OTpHUMaHO YHCeNnbHI PO3B’I3KH BiAMOBIIHUX KpaHoBHX 3a1au (inpTpamii Ta HAMpyXeHO-Ae(hOPMOBAHOTO CTaHY IPYHTY IS
IUIOCKUX 00JIacTel 31 3MIHHOIO B 4aci KpUBOJIIHIHHOIO Mexero. HaBeJjeHO pe3ynbTaTu YMCIOBOTO MOJICIIOBAHHS BEPTHKAIb-
HMX 3MillleHb IPYHTOBHX BOJOHACHYEHHX MACHBIB i OCHOB y HPOIIECi iX OCYIIEHHS, HassBHOCTI BOJI03a0ipHUX CBEPVIOBHH Ta
BOJIOHAIIPHHUX CIIOPYI.

KoarouoBi cioBa: Hamip, nepeMimeHHs, KOHQOPMHE BioOpaXeHHs, T'iIpoJuHaMIYHa CiTKa
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Introduction. The change in the hydrogeological
conditions on Earth is taking place more and more
rapidly. The reason for such changes is the
development of the last thousand years and the
excessive increase in the beginning of the millennium
of a new, previously unknown geological agent.
This new geological agent is human activity and
E.M. Sergeyev [1] considers this to be driving
geological force, which not only changes earth
surface, but also makes significant changes in the
upper part of earth crust, which for scales and
consequences coincide with geological processes.

Hydro geological conditions change in soils and
presence of man-made factors lead to the formation of
hydrodynamic forces of the filtration flow, changes in
the soil own gravity, etc.

These factors growth magnitude and intensity can be
significantly changed, which leads to earth surface
subsidence occurrence. These deformations compli-
cate normal operation, and in some cases lead to
accidents in buildings and structures and can bring
significant economic damage.

An analysis of the latest sources of research
publications. In the paper [2] the frequent earth
surface surveying of was performed for the direct
study of vertical relief displacements. These studies
require a lot of time and considerable material costs.
An alternative to this may be the mathematical
modeling of soil surface vertical displacement in its
drain process [3 — 5].

Existing methods for soil massifs deformations and
bases working assessing in the conditions of varying
groundwater levels and man-made factors effects have
been developed for the case of stabilized groundwater
level still do not fully reflect their state [6 — 10].

So, the study of this problem is relevant.

The problem solution is greatly simplified with the
development of mathematical methods for water-
saturated granular massifs stress-strained state
modeling.

Setting objectives. The problem of lowering the
groundwater level in the soil mass as a result of water
pumping from horizontal drains should is considered

(Fig. 1).
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Figure 1 — Scheme of soil massif during its drainage

Due to the drainage of soil upper part and intensive
filtration forces, the stress-deformed state of the soil
massif changes and it leads to soil surface
transference.

In order to find the transference of the soil surface,
the pressure at all points of the soil massif at each time
moment should be known.

For head determination in the changeable area
Q, ={(x,z,0) | x€(0,]),z € (0,h(x,0)),t >0} solution of
differentiated equation should be found:

2 2
OH _ khey) 612{+612L1 0
ot H o\ ox 0z
under such boundary conditions:
H(X,Z,O) :HI(X,Z), (2)

H(0,z,1) = Hy(0) - Vyt,

3)

H(l,z,t)=Hy(l)-Vyt, 4)
H(0.0) _

oz ' (5)

H(x,h(x,1),t) = h(x,1), (6)

where H (x, z, t) — water head at the time moment ¢ in
the point (x, z) of soil massif; k& —filtration coefficient;
h.,; — capacity of filtration flow; x —water drainage co-
efficient; H;(x, z) — division of water heads at the
time moment; Hy(x) — the height of soil water impend-
ing at the primary time moment (known function);
h (x, t) — the height of soil water placement at the time
moment 7.
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Symbols are introduced:

a2 _ khcol . (7)
i
Then the equation (1) will look in the following
way:
OH [ d*H  o*H
=z - I 8
ot a[6x2+6zzj ®

For the solution of this problem it is necessary to
find 4 (x, t) ta H(x, z). That is why let’s consider two
additional problems.

Problem 1. In the area Q= {(x,t) |xe(0,0),t> 0} to find
the solution of differential equation

Oh _ kheot 0%

ot u ox? ®
under such boundary conditions:
h(x,0) = Hy(x), (10)
h(0,£) = Hy(0) -V, (11)
h(l,t) = Hy(l) -Vt (12)
2
TR S
W)=Y Ae ! +—<V0—V;<—1)”>[—j I-e
o m ma
+Hy(0)— Ve + @)~ Vit = (HyO) ~Vyf) x,

/

where

1
4, =2 [Ho() sin(ﬂ xjdx 2 (CHy (0) + Ho(I)=1)").
[ 0 [ m

Let’s (13)—(17) fulfill the numerical conformal refle-
ction of the area Q ={(x,z)|x<(0,/),z < (0,H,(x))} on

Problem 2. In the area Q = {(x,z) | x € (0,),z € (0, Hy(x))}
to find the solution of differential equation

2 2

LI (13)
Ox 0z

under such boundary conditions:

OHy(x,0) _ 0. (14)

0z

Hl(O’Z) :HO(O)s (15)

Hy(l,2)=H(0), (16)

Hy(x,Hy(x)) = Hy(x). (17)

The solution of problem (9) — (12) is the following.

ma

)i mx

sin— +
l

]Zt

(18)

(19)

For the solution of problems (1) — (8) it is transfered
to variables &,  [11], under this

the parametric rectangle for the solution of the prob-  &=£(x,z), 7=7(x,2). (20)
lem. The built net of conformal reflection is the hy- Under the conditions of Koshi-Riman it is:
drodynamic net, that is the solution of problem. of on o&  og 21
The meanings of heads on the lines of equal heads are 5, ~ 5;° 5z ox 1)
equal with the meanings in the upper points of these
lines, which in their turn, are equal to the vertical co-
ordinate of soil water surface.
Substituting (20) in (8), we have:
2 2 2 2 2 2 2 2 2 2 2 2
oS (Ge) e P on ) o Py (0] O Do)t |
ot os2 \ox & ax?  op? \ox on axr o2 \oz) 98 a2 ap?loz on oz?
Taking into consideration, that &(x,z) and 7(x,z) —
harmonic functions, we have:
2 2 2 2 2 2
aiIQZ oH (%J +(%J +6_H [6_’7] +(a_’7j (23)
ot o | Lox 0z on® \\Lox 0z
. Taking consideration (21), (23) will be in the follow- o of(o¢ 2 5 £ 22y om
ing way b v H=l ==+ 24)
t Ox 0z o0& on
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In this case, a grid constructed with a numerical
conformally represented net will be a hydrodynamic
grid, that is, the solution of the problem (1) — (8).
The solution is the same as solving the problem (13) —
(17). The obtained exact formulae are used for (A(x, ?)
(for calculating the replacement of a series sum by a
finite sum, the integration with a parabola method is
used. The advantage of this approach is that pressure
and movement at any given time can be found without
finding them at previous moments of time (only at the
initial moment of time).

For finding transferences in the areas below soil wa-
ter level Q; and above Q,, we have the system of dif-
ferential equations:

2
ky du L=y +}’W[%+1j xe(0.), (25)
d2
k=2 =y,.xe(l.) (26)
dz
u (0) =0, (27)
duy (1)
—=-=0, 28
- (28)
uy(h) =uy(ly), (29
du () duy (l)
k =k , 30
s s (30)

where %y, %, 7% — specific soil weigh, that is located in
weighted state, water and soil, which is in natural state
relatively;

h(z) — head (x,, z) at the time moment #;;

7sbl1 7w

)= L) =>—"——
u () =uy(ly) 2%, kl

2
[fh(é)dé+—}+cl

7. vbl 1
2%,

2
kl[ ,[ () - 37w11 J’sbzll +7n(112_lll)J+
1

C4 =

ky

So far as we take into consideration all risk factors
on soil, transference is located relatively some primary
level. This starting point, which we mark /, is neces-
sary to be found, using known at the primary moment
of meaning /.

uz(l):lo—l,
w7l

uy(H) =
2k2 k2
Substituting u,(/) =

€2))
12

+C4: +C4
2ky

— [, found meaning ¢, it is got:

2
7sbll
2

/ yal®

Iy =1- M H(EME - Wl

+ —

Substituting known values in the obtained formula at
the primary time moment, we will find /.

For finding / at any time moment from (32) we will
get quadratic equation:

2
77111

7w {J. (f)dé:'l' J llc_l(yn(ll _Z)_zywll _}/shll)_
1

7nll

+7, (112 —111) +

ki = At 2, ky = A+ 211 — elastic steels;

u(z), us(z) — transference of point, which is in the

moment #; located in the point (x;, z);

[, — soil water level, and / — determined vertical coor-

dinate of the upper point of soil’s massif in the point x

= x, at the time moment = ¢,;

indexes 1, 2 near k, A, 4, u mean the location of points

(x,, z) below or above soil water level relatively.
Integrating equations, it is got:

d
an _ YsbZ +y—W(h(z) + z)+cl,
dz kl kl
2 z 2
VsbZ Vw z
==—+=|h +— |+cz+cy,
w Tk {g (6)s ZJ 12+ 6
d
iy _1nF
dz kz
2
uz:y,,z +c3z+ ¢y,

2
M1(0)=03C2 =0,

L N LAY N e 71
dZ k2 k2
duy () dus(ly)
by = =k =2 oy 4y (R + 1)+ ek =
dz dz
:771]1_7}'11'

Considering A(l,) =/, it is got:

1
9] :k_(}/"(ll —1)—27’wll _?’sbll)s
1

iU

Cqy =
ky

2
}/nll
2k,

-

LU
k2

2
771[1
2%,

7/}1[1[ _

- (32)
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2
In 2 771]1 }/nll }/nll 3}/Wll Y
LA A - | ] + h +
(Zkz] ( ky ke ] [O 2ky kl }/WJ. (s 2

Having solved the equation (33), we will find the
coordinate of the soil upper boundary for arbitrary x
and #:

7317112 (33)

_771[12JJ =0.

2
11 1 AR M 7le12 2
1+y”ll(k2 _klj [1-4— "ll[kz _klj} —[ b Ilo-&- % kl[ w_[h@dé +— ) ] D 2

(34)

Tn

It has been chosen the sign «+» before square root
taking into consideration, that / > 0
For finding integral from the function of head

h
[ s
0

built hydrodynamic net is used. Geometric algorithm
of integral finding in the point x = x; at time moment
t = t;: on the hydrodynamic net for time next. It is de-
termine the straight x =x;. Atpoints of this line
intersection with lines of hydrodynamic grid currents,
head meaning is found with the help of linear
interpolation between adjacent nodes. Integral is found
using the formulae of the central rectangles for
unevenly located nodes. This algorithm is simply
implemented in the programming language using
analytical geometry.

In accordance with described algorithm, numerical
experiments have been carried out with the determina-
tion of vertical displacements under next output data:

x = 100m;

Ho(2)|,_, =35m;

H, (z)lt:t[ =23m;

Ay =18493kPa ;
A, =18000kPa ;

7 = 10kN /m® ;

Vsp = 9,63kN /m® ;

Given net step = 3m.

Here A, w; — Lame coefficients for soil in water
saturated state coefficients, but A,, p, — for drained
soil.

Numerical modeling is performed under partial
drainage of the soil massif. The results of the vertical
displacements at given points of the soil massif for the
case during drainage process studies are partly
presented in table 1.

1y =15748kPa ;
11> =18000kPa ;

7, = 16,48kN | m;
Yar = 16,48 kN /m? .

Table 1 — Meanings of soil massif vertical displacements

z, m X, m 12,5 35 53,5 66,0 81,5 935 100,0
39,9 -58,56 -58,66 -58,67 -58,64 -58,62 -58,63 -58,74
29,925 -55,53 -55,60 -55,59 -55,57 -55,54 -55,54 -55,61
19,95 -41,44 -41,44 -41,41 -41,36 -41,31 -41,28 -41,28
9,975 -26,28 -26,25 -26,21 -26,17 -26,13 -26,09 -26,06

Numerical meanings of displacements in given
nodes, which are presented in the given tables, are
measured in millimeters.

For visualization, the results of research in graphic
form are presented (fig. 2). The upper part of the
figure shows soil surface at the initial and at the final
moment of time, in the lower part — a hydrodynamic
net.
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Figure 2 — Graphic representation of research results

Conclusions. In scientific articles only one of the
many engineering problems in predicting the subsi-
dence of the earth surface during the groundwater
level lowering by pumping water from horizontal
drains has been considered. One-dimensional mathe-
matical model has been studied, which may only
correspond to some practical problems. The simple
solution obtained in this paper has the advantage of its
speed and the possibility of finding the soil massif
state at any given time, without finding at previous
time moments.

The obtained mathematical solutions enables to
fulfill the forecast of water-saturated ground masses
subsidence during their drainage. Further areas of
researches can be mathematical solutions obtaining of
the set tasks for a two-dimensional case.
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