Cucmemu ynpaeninns, nagizayii ma 36'a3xy, 2018, eunyck 1(47)

ISSN 2073-7394

YK 514.74+519.85

Yu.Ye. Pankratova], O.M. Khludz, V.M. Patsuk®

doi: 10.26906/SUNZ.2018.1.080

! Kharkiv National University of Radioelectronics, Kharkiv
2 Institute for Mechanical Engineering Problems of the National Academy

of Sciences of Ukraine, Kharkiv

PACKING OF ELLIPSOIDS IN A CONVEX CONTAINER

We consider the problem of optimal packing of a given collection of unequal ellipsoids into an arbitrary con-
vex container of minimal sizes. To describe non-overlapping, containment and distance constraints we derive phi-
functions and quasi-phi-functions. We propose a relaxation approach related to constructing a phi-function for
containment constraints to avoid equations of more than four degree. We formulate the packing problem in the form
of a nonlinear programming problem and propose a solution method that allows us to search for local optimal
packings. We provide computational results illustrated with figures.
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Introduction

The optimal ellipsoid packing problem is NP-hard
problem and has multiple applications in modern biol-
ogy, medicine, mineral industries, molecular dynamics,
nanotechnology, as well as in the chemical industry,
power engineering etc. For example, the formation and
growth of crystals, the structure of liquids, crystals and
glasses, the flow and compression of granular materials,
the thermodynamics of liquid to crystal transition and
other.

The 3D Modeling software product family is a set
of scientific tools for three dimensional modeling of
granular structures and substances. It provides compre-
hensive visual and quantitative analysis of structural
characteristics, such as spatial density, spatial porosity,
spatial distribution, grain and pore structure.

Robotics: a robot arm and other elements in a
scene are approximated by three-dimensional ellipsoids
and it allows the authors [1] to explore the relation be-
tween the overlapping of ellipsoids and the overlapping
of free-form objects.

A problem related to the chromosome organization
in the human cell nucleus and that falls between ellip-
soid packing and covering is considered in [2].

Related works

Many works have tackled the optimal ellipsoid
packing problem.

In [3] is analysed the density of three-dimensional
ellipsoid packings. Technique that considered in [4]
allow to statistically explore the geometrical structure of
random packings of spheroids. In [2] the problem con-
sists in minimizing a measure of the total overlap of a
given set of ellipsoids arranged within a given ellipsoi-
dal container. In [5] consider the problem of packing
ellipsoids within rectangular containers of minimum

volume. The non-overlapping constraints are based on
separating hyperplanes.

Nonlinear programming models are proposed and
tackled by global optimisation methods. Instances with
up to 100 ellipsoids.

Analytical description of placement constraints
(non-overlapping, containment and distance constraints)
for ellipsoids with continuous rotations to produce
NonLinear Programming models (NLP-models) of
ellipsoids' packing problems is of paramount impor-
tance.

Problem formulation

We consider here a packing problem in the follow-
ing setting.

Let n be the number of ellipsoids to be packed.
And let Q be a given convex container of variable sizes
p - The objective of the problem is to find ellipsoids

E(u),iel ={L2,...,n},

such that
intE, NintE, =7,
foreach j, iel, withi # j,E, cQ foreachj, iel,
and the volume of the container will be minimized.
Ellipsoid E is given by semi-axes a, b and c,

u=(v,0) is a variable vector of placement parameters,
v=(X,y,z) is a translation vector, 6 =(0',0%,0") is a
vector of rotation parameters, where 0),07,0] are Euler

angles.

Within the research as a container Q we consider a
convex 3D region bounded by surfaces which described
by infinitely differentiable functions, in particular, a
sphere, a cylinder, a cuboid, an ellipsoid of variable
sizes.
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Tools of mathematical modeling

To describe non-overlapping and containment con-
straints we use quasi-phi-functions and phi-functions.
To describe distance constraints we apply adjusted
quasi-phi-functions and adjusted phi-functions. Let us
consider clear definitions of a phi-function [6] and a
quasi-phi-function [7].

Definition. A continuous and everywhere defined
function ®*®(u,,u,) is called a phi-function for ob-

jects A(u,) and B(uy) if
®* <0, if intA(u, )NintB(u,) # T ;

®* =0, if intA(u,)NintBu,)=2 and

frA(u, ) NfB(u,) = J;
®* >0, if A(u,)NB(u,)=J.
Let p be a given minimal allowable distance be-
tween objects A(u,) and B(uy):
dist(A,B)>p.
Definition. A continuous and everywhere defined
function ®"**(u,,u,,u') is called a quasi-phi-function

for two objects A(u,) and B(uy) if

AB
max ®'* (u,,u,,u’)
u'eU

is a phi-function for the objects.
The general property of a quasi-phi-function is: if

O (u,,u,,u)>0
for some u', then
intA(u,)NintB(u,)=9.
A function defined by

q)/AB (uA’uB’u/) _

= min{d)AP (uA,u'),d)B]3 (ug,u)}

is a quasi-phi-function for the pair of convex objects A
and B.

®*"(u,,u) is a phi-function for A(u,) and a
half-space P(u’) and o™ (ug,u;) is a phi-function for
B(ug) and

P'(u) =R’ \intP(u’).
Nonoverlapping constraints
A function defined by
®D(u,,u,,u)=min{y(6,,6,,u"),x, (u,u,,u"),

Xl_(ul’u2’u')’X2+(ul’u2’u')!X«2_(ul’u2’u,)}
is a quasi-phi-function for ellipsoids E (u,) and

E,(u,), where

u'=(t,,g.t,,8,)

is a vector of parametric variables of ellipsoids,
x= —<N1,N2> =00 — BBy —1172;

+
Xk =
= oy (X5 — X)) +Br (¥ — Y1) +11(2k —21) - L

(Xi,¥i>2) =
=v; +M(6))- (x{,y1.2{), i=12;

+ o+ 4
(X22,¥22:222) =
=v, +M(0,)(a, cost,,b, sint,,/2a, )T;

cost;
o =—m;
aj

B = sint; cos g; :
b:

1
_sint;sing;

Yi b,

(a;,ﬁ},v}) :M(ei )(ai ’ﬁi aYi) =12

(X31>YorsZy) 18 @ vector of coordinates of

>

point g}'k;
(X Yoo Zoy)

point g, ,M(0)is a rotation matrix of the form

is a vector of coordinates of

By By My
M@O)=| 1y Hy Mo |5
M3y My Mg

1 3 . 1 2 . 3.,
=c0s0 cosO’ —sinO cosO°sin6’;
11
| 3 . 1 2 3.
=—co0s0 sinO’ —sin® cosO cosO”;
12

_ . e] . 92_

W, =sin6 sin®°;
. 1 3 1 2 . 3.,
W, =sin® cosB’ +cosO cosO sinb’;
. | 3 1 2 3.
Wy =—8in6 sinO” +cosO cosO cosO”;

1 . 2

H,; =—cosO sinB”;

SN2 a3,

M, =sinB® sinB”;

. 3.

H;, =sinB cosO’;

2
Uy, =cos0”.

In order to obtain the containment constraints of an
ellipsoid in a region, a construction of the phi-function
is required.

When constructing this function, essential difficul-
ties arise that are associated with the appearance of
equations of more than four degree. In this regard, we
propose an approach related to constructing a phi-
function for an object approximating the ellipsoid with a
required accuracy.
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At the first step, an approximation of the ellipsoid
with the circumscribed polyhedron is constructed. Start-
ing with, e.g., a parallelepiped we sequentially choose
the vertex most distant to the ellipsoid. Then we find its
projection to the ellipsoid.

In the projection point on the ellipsoid surface we
construct the tangent plane and then section the polyhe-
dron with this plane. We do so till required accuracy is
achieved.

Projection may be found as a solution of an appro-
priate optimisation problem using IPOPT optimisation
package.

Since the simplest form of phi-function is in case
the included object is a sphere, an outer approximation
of the obtained polyhedron with the spheres is applied
using the method described in [8].

For spheroids me use another approximation ap-
proach, based on mathematical model of circular cover-
ing of arbitrary domain [9] and ellipse parameterization
proposed in [10].

Within the research we assume that each ellipsoid
E,(u,) is approximated by a collection of spheres

E(u) c B (u) =S, (u,) (Fig D)

k=1

b

Fig. 1. Covering of:
a — ellipsoid by identical spheres;
b — spheroid by spheres of dissimilar radii.
To describe the containment constraint

E; < Q(p)

we use a phi-function for

E,(u;)
and
Q" =R’ \intQ
that may be defined in the form
O(u;,p) =
= min {®; (ug p)..... 0y, (u;.p)}

where @, (u;,p) is a phi-function for sphere Si and

*

Q.

Mathematical model

Mathematical model of the ellipsoid packing prob-
lem can be presented in the form

min F(u), (1

ueWcR?

where

; (2)

W {u €R7 1y55(w) 2 0,7;(w) > O,}
i=Ln,j=Ln,j>i
F(u) is the volume of the container Q .
u=(Lw,u,u,,..,u,,7) R’ is the vector of all
variables
p denotes the variable metrical characteristics of

the container Q
u, =(x;,y,,0,) is the vector of placement parame-

ters for E,, iel,

T is the vector of additional variables for quasi-
phi-functions
Y; 1s a phi-function (quasi-phi-function) for E,

and E;
v,(u) is a phi-function for approximated ellipsoid

E, and the object Q'

Problem (1)-(2) is NP-hard nonlinear program-
ming problem (exact, non-convex and continuous NLP-
model).

To search for a local minimum of problem (1)-(2)
we employ a special local optimisation procedure de-
scribed in [7].

Here we present a number of examples to
demonstrate the efficiency of our methodology.

Conclusions

We developed here a continuous NLP-model of
optimal packing of a given collection of unequal ellip-
soids.

The use of quasi-phi-functions allows us to han-
dle arbitrary ellipsoids which can be continuously
rotated and translated, and relaxation approach allows
us to formalize containment constraints for arbitrary
convex container and avoid equations of more than
four degree.
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Haoiiwna 0o peoronezii 26.12.2017
Penensent: n-p TexH. Hayk, npod. T.€. PomanoBa, IncTuryr

npobnem mammHOOynyBanus iM. A. M. Ilizropporo HAH
Ykpainy, Xapkis.

YMNAKOBKA ENINCOIAIB Y BUNYKIIOMY KOHTEMHEPI
10.€. ITankparosa, O.M. Xnyz, B.M. ITamyk

Poszensoaemocs 3a0aua onmumanvhol ynakoeku 3a0ano2o0 Habopy HepisHux enincoioié 8 00GLIbHOMY 6UNYKIOMY KOHMel-
Hepi MiHIManvHux po3mipie. [is onucy obmedicenb Henepemumy, HANe’CHOCMI Ma MIHIMALbHO npunycmumux giocmaneil 0yoy-
tomucst phi-ghynxyii ma keasi-phi-gynkyii. Ilpononyemocsa penaxcayiiinuii nioxio, nog'szanuii 3 no6y0ogoio phi-gymnxyii ons
00MedHCeN s HANeHCHOC, WOD YHUKHYMU DI6HAHb CIYNeHi6 euuje YomupboX. Popmynioemvcs 3a0ava ynakosku y opmi saoaui
HeNINITIH020 NPOSPAMYBAHHS MA NPOROHYEMbCS MEMOO PIUeHHS, WO 00380JAE WYKAMU TOKANbHO-ONMUMAanbhi ynakosku. Ha-
0aiomvcs 00UUCTIOBANLHI Pe3YIbMAMU, LI0CMPOSAHI PUCYHKAMU.

Knrouosi cnosa: ynaxoska, enincoiou, onykii KoHmetinepu, oomedicens nenepemuny, keazi-phi-gynxyii, neniniiina onmu-
Mizayis.

YMNAKOBKA ENNMUNCOMAOB B BbIMYKINOM KOHTEWHEPE
I0.E. Ilankparosa, O.M. Xnyn, B.H. Iamyk

Paccmampugaemcest 3a0a4a onmumanbHou YnaKogku 3a0anno20 Habopa HepasHvlx SMIUNCOUO08 8 NPOU3BOTLHOM GbINYK-
JIOM KOHMelHepe MUHUMATLHBIX pazmepos. s onucanus oepanuyenuil nenepecedenust, NPUHAONEICHOCU U MUHUMATLHO 00-
nycmumulx paccmosnuii cmposmes phi-gynkyuu u keasu-phi-gynxyuu. Ipeonraeaemcs penaxcayuonnvliii n0OXo0 0 moeo,
umoobl u3bedcamv NOAGIEHUs. YPABHEHULl chenenell evluie Yemvlipex npu nocmpoenuu phi-pynkyuii ons oepanudenuti nPUHao-
nevxchocmu. Dopmynupyemcs 3a0aua ynakogku 6 popme 3a0auu HeNUHeNHO20 NPOSPAMMUPOSAHUs U NPedazaemcss Memoo
pewienus, NO38OAAIOUWUI UCKANb JOKATbHO-ONMUMATbHbLE YRAKOGKU. [Ipedocmasnsaiomes ol4uciumenbtble pe3yaomambl, wiiio-
CMPUPOBAHHbIE PUCYHKAMU.

Knrouesvie cnosa: ynaxogka, >1nuncouobl, GlnyKivle KOHMEUHEPsl, 0cpanuienus Henepecevenus, keasu-phi-gynkyuu, ne-
JUHEIHAS, ONMUMU3AYUS.

83



